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ABSTRACT

Causal inference is the most important aim in social science. Over the 
last 30 years, we have witnessed a plenty of conceptual and 
methodological improvements to deal with causal inference in statistics, 
social and biomedical sciences. This paper aims to provide an overview 
of causal modeling, which includes the counterfactual conception of 
causality, potential outcomes framework, and statistical models commonly 
used in social and biomedical sciences. Additionally, some recent issues 
regarding mediation analysis and structural equation models are 
discussed. 
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Ⅰ. Introduction 

Suppose a (overly) simplistic scenario in which a country maintains a stable 

democracy(or economic development) after a constitutional change of 
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electoral system(Lindberg 2009; Persson and Tabellini 2005). Can we say that 

the constitutional change caused the stability(or economic development) in 

this country? A natural way to think would be to ask what would have 

happened to the country had the elections not been held. If the country would 

have maintained democratic stability(economic development) anyway, we 

would not say that the constitutional change was the cause of democracy 

or economic development. If, on the other hand, the country would not have 

maintained the stability or economic development without the constitutional 

reform, then we would say that the constitutional change caused the stability. 

Here, stability(or economic development) is the outcome, and the 

constitutional change is the treatment or action. To determine whether a 

treatment or an action causes an outcome, we typically make a mental 

comparison between the two scenarios; one in which the treatment is present 

and the other in which the treatment is absent. If the outcome differs between 

the two scenarios, we say that the treatment has a causal effect on the 

outcome. The potential outcomes framework formalizes this intuition of 

causality, and in some sense, one can say that the framework is similar to 

the most similar systems design(or methods of difference) in comparative 

politics(Mill 1888; Sekhon 2008).   

Assessing causal effect is the primary purpose of social science across 

disciplines. Although many statistical models - notably linear regression models 

- strive to provide causal relationships among variables of interest, few can 

successfully offer estimates with a causal connotation. One of the main reasons 

for such difficulties lies in confounding, either observed or otherwise. Unless 

such confounding factors are all identified and/or controlled for, the observed 

association cannot be attributed to causation. 

One of the commonly used approaches to address such bias is to control 

for covariates in the analysis(Morgan and Winship 2014). Ideally speaking, if 
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one can find all confounders for the relationship of interest, the simple 

calculation of the difference between treatment and control groups represents 

causal effects. However, as collected data and our understanding on 

relationships between the variables are generally limited, some bias inevitably 

remains due to exclusions of some important confounding variables in the 

analysis. Without being able to assess the effect of such bias, it would still 

be difficult to interpret findings from such conventional methods. A solid 

concept of causation is needed to assess the bias. 

Randomized Controlled Trials(RCTs) are known to provide golden standard 

to causal inference. Although observational studies are more prone to selection 

bias, RCTs are not completely immune to confounders. The primary sources 

of confounders for RCTs are treatment noncompliance(not following the 

assigned treatment) and missing follow-ups(attrition from the sample). 

Although longitudinal models can effectively address the issue of attrition, the 

intention-to-treat(ITT) approach based on the treatment assigned rather than 

eventually received generally fails to deal with the noncompliance issue(Hollis 

and Campbell 1999) 

Another interesting problem of importance for both experimental and 

observational studies is the causal mechanism of treatment effect. Although 

the ITT and other methods provide useful tools for estimating treatment effect, 

they do not tell us anything about causal mechanisms. One mechanism of 

particular interest is mediation, a process that describes the pathway from 

the intervention to the outcome of interest. Causal mediation analysis allows 

one to ascertain causation for changes of implicated outcomes along such a 

pathway. 

The purpose of this paper is to provide a general overview of causal 

inference from potential outcomes perspective and to discuss some difficulty 

issues in causal inference. Given the expansive literature in this field, the 
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discussions in the following sections are inevitably very selective. 

Ⅱ. Counterfactual Conception of Causality and Potential 

Outcomes Framework

Although conceptually straightforward, a formal definition of causation is 

actually not(Brady 2008; Sekhon 2008). This is because we often rely on 

randomization for the notion of causation. How can we define causation in 

the absence of randomization? Since randomization is only the means by which 

to control for confounding, we cannot use it to define causal effect. Rather, 

we need a more fundamental concept to help explain why randomization can 

address confounding to achieve causation. This is the role of potential 

outcome. 

1. Potential Outcomes and Randomized Controlled Trials

The potential outcomes framework for causal inference is based on a specific 

conception of causality, called counterfactual conception of causality(Lewis 

1974; Rubin 2006; Brady 2008; Sekhon 2008). Most of recent literature on 

causal inference rely on the notion of potential outcome, defined as an 

outcome had the subject followed a particular treatment, possibly different 

from the treatment he or she actually followed. In experimental or clinical 

settings, the individual-level causal effect of a treatment may be viewed as 

the difference in outcomes if a person had followed that treatment as 

compared to a placebo or a standard protocol(Morton and Williams 2010). 

Consider, for example, a simple trial in which subjects receive either 

treatment a or a′. Suppose further that the subject is randomized to receive 
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treatments. This subject will have a single observed outcome Y that 

corresponds to the potential outcome Y under treatment a, denoted by Y(a), 

and one unobservable potential outcome Y(a′), corresponding to the outcome 

under a′, because a subject cannot receive both treatments simultaneously, 

which is so-called fundamental problem of causal inference(Holland 1986). 

When we are interested in the individual causal effects of taking treatment 

a instead of treatment a′, the individual level causal parameter that could 

be considered is a subject’s outcome under treatment a subtracted from his 

outcome under treatment a′, i.e., Y(a) − Y(a′). If, for a given subject, all 

potential outcomes are equal(i.e., Y does not depend on a), then for this 

subject, the treatment has no causal effect on the outcome. If the treatment 

has no causal effect on the outcome for any subject in the study population, 

we could say the causal null hypothesis holds. Thus, a fundamental problem 

with subject-specific causal effects is that they are difficult to identify, because 

it is difficult to observe the outcome under both a and a′ without further 

data and assumptions, as in crossover designs without carryover 

effects(Piantadosi 2005, 515). 

The concept of potential outcome allows us to see why treatment differences 

observed in RCT represent causal effect in this way. With a random binary 

indicator for treatment zi(1 for treatment, and 0 for control), yi1(yi0) denote 

the potential outcome corresponding to zi =1(0). The causal effect for each 

subject is Δi = yi1 - yi0, which is not observable, since only the potential 

outcome corresponding to the treatment actually received is observed. Thus, 

the causal treatment, or population-level, effect, Δ = E(Δi), cannot be 

estimated by simply averaging the i’ s. For an RCT, however, we can estimate 

by using the usual difference in the sample means between the two treatment 

conditions.

Let n1(n0) denote the number of subjects assigned to the intervention(control) 
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group and let n = n0 + n1. If yik denotes the potential outcome of the ith 

subject for the kth treatment for the n subjects, we observe yik if the subject 

is assigned to the kth treatment condition(k =0,1). If yi11(yj00) represents the 

observed outcome for the i1th (j0th) subject in the n1(n0) subjects in the 

intervention (control) group, we can express the observed potential outcomes 

for the n subjects as: yi1=yi11 with i = i1 for 1≤i1≤n1 (yi0 = yj00 with i = j0 

+ n1 for 1≤j0≤n0). The sample means for the two groups and the difference 

between the sample means are given by 

For an RCT, treatment assignment is independent of potential outcome, i.e., 

yik ⊥ zi, where ⊥ denotes stochastic independence. By applying the law of 

iterated conditional expectation, it follows from the independent assignment 

that 

It then follows from (Eq. 1) and (Eq. 2) that 
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Thus, the difference between the sample means estimates the causal 

treatment effect in the RCT. The above shows that the approaches such as 

the two-sample t-test and regression models can be used to infer causal 

treatment effects in RCTs. Randomization is key to the transition from the 

individual level difference, yi1 - yi0, to the sample means in (Eq. 1) in estimating 

the average treatment effect(ATE). However, for non-randomized trials, 

exposure to treatments may depend on the values of the outcome variable, 

in which case the difference between the sample means in (Eq. 1) generally 

does not constitute the average causal effect. Thus, associations found in 

observational studies generally do not constitute causal effect.

2. Observational Studies and Selection Bias 

Selection bias is one of the most important confounders in observational 

studies. It is also called pre-treatment confounders, since selection bias is often 

caused by imbalance in baseline covariates before treatment assignment(King 

et al. 1994; Glynn and Quinn 2010). The potential-outcomes approach 

provides a framework for explicating the effect of selection bias. Consider 

an observational study with two treatment conditions and let zi continue to 

denote the binary indicator of treatment assignment. If treatment assignment 

is not random, zi may not be independent of the potential outcome. Thus, 

the condition yik⊥zi may not hold and the identity E( )=Δ in (Eq.3) may fail, 

in which case  no longer estimates the causal treatment effect Δ. 

By considering treatment difference from the perspective of potential 

outcome, not only can we develop models to address selection bias, but also 

methods to provide degree of confidence for the causal relationship 

ascertained. An approach widely used to address selection bias is to include 

covariates as additional explanatory variables in regression analysis. However, 



｜ 118 ｜ 연구방법논총 ｜ 2019년 봄호 제4권 제1호

as in the case of explaining causation using randomization, such an approach 

does not have a theoretical justification, since without the potential 

outcome-based framework, it is not possible to analytically define selection 

bias. Another undesirable aspect of the approach is its model dependence, 

i.e., relying on specific regression models to control for the effect of 

confounding(Ho et al. 2007). For example, a covariate responsible for selection 

bias may turn out to be statistically insignificant simply because of the use 

of a wrong statistical model or poor model fit. Most important, despite such 

adjustments, some residual bias may remain due to our limited understanding 

of covariates for the relationship of interest and/or the limited covariates 

collected in most studies. Without being able to assess the effect of such hidden 

bias, it is difficult to interpret findings from such an ad-hoc approach. 

3. Post-treatment Confounders in Randomized Controlled Trials 

In RCTs, treatment assignment is independent of potential outcomes, and 

statistical models such as regression can be applied for causal inference. 

However, this does not mean that such studies are free from selection bias. 

In addition to pre-treatment selection bias, selection bias of different kind, 

treatment noncompliance and/or non-random dropout post randomization, is 

quite common in RCTs. For example, if the intervention in an RCT has so 

many side effects that a large proportion of subjects cannot tolerate it long 

enough to receive the benefit of the treatment, the ITT analysis is likely to 

show no treatment effect, even though those who continue with the 

intervention may benefit. Thus, we must address such downward bias in ITT 

estimates, if we want to estimate treatment effects for those who are either 

not affected by or able to tolerate the side effects. 
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4. Mediation Effect

Many social scientists are interested in how an intervention and/or 

moderation achieves its effect upon establishing the efficacy of the 

intervention. Mediation analysis helps answer such questions(Bullock et al. 

2010; Bullock and Ha 2012). Suppose zi is the indicator of treatment 

assignment, mi the mediator, and yi the outcome. By investigating such a 

mediational process through which the treatment affects outcomes, not only 

can we further our understanding of the underlying mechanisms, but we may 

also develop alternative and better intervention strategies for the issues. 

Structural equation models(SEM) are generally used to model mediation 

effects(Baron and Kenny 1986; Bollen 1987; Judd and Kenny 1981; McKinnon 

and Dwyer 1993). The mediation model illustrates how the treatment achieves 

its effect on the outcome yi by first changing the value of the mediator mi. 

For a continuous mi and yi, the mediation effect can be modeled by the 

following SEM: 

In this framework, the parameter βzy is interpreted as the direct effect of 

treatment on the outcome yi, while βzm zi is interpreted as the indirect, or 

mediated, effect of the treatment zi on the outcome yi through mi. Thus, the 

total effect of treatment is viewed as the combination of the direct and indirect 

effects, βzy + βzmβmy.

The SEM overcomes the limitations of standard regression models to 

accommodate variables that serve both as a dependent and independent 

variable such as the mediator mi. However, since it is still premised upon 
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the classic modeling paradigm, it falls short of fulfilling the goal of providing 

causal effects. Causal inference for mediation analysis can also be performed 

under the paradigm of potential outcomes. Note that the error terms mi and 

yi in (Eq. 4) are assumed independent. This sequential ignorability condition 

is critical not only for ensuring causal interpretation, but also for identifying 

the SEM in (Eq. 4) as well. 

Ⅲ. Statistical Tools for Causal Inference 

In the presence of selection bias, not only models for cross-sectional data 

such as linear regression, but even models for longitudinal data such as 

mixed-effects models and structural equation models are not suitable for causal 

inference. A large body of literature has been accumulated to address this 

issue in both observational and RCT studies. One of the widely used approach 

is to view unobserved components of potential outcomes as missing data and 

employ the methodology for missing data to deal with the technical problems 

within the context of causal inference(Holland 1986; King et al. 1994; Rubin 

2006). Thus, the goal of causal inference is now to model or impute the missing 

values, or the unobserved potential outcomes, to estimate the average causal 

effect Δ=E(yi1-yi0), which is not directly estimable using standard statistical 

methods because of the fundamental problems of causal inference. 

In practice, these issues are further complicated by missing data, and various 

approaches have been developed to address the issues. These models are 

largely classified into one of the two broad categories: parametric and 

non-parametric. Since the unobserved potential outcome can be treated as 

missing data, the parametric and non-parametric frameworks both seek to 

extend standard statistical models for causal inference by treating the latent 
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potential outcome as a missing data problem and applying missing data 

methods. If treatment assignment is not random, it may depend on the 

observed, or missing potential outcome, or both. If the assignment is 

completely determined by a set of covariates, xi, then the unobserved potential 

outcome is independent of treatment assignment once conditioned upon xi. 

This missing at random(MAR) assumption allows one to estimate the average 

causal effect Δ=E(yi1-yi0). Thus, by identifying  the unobserved potential 

outcome as a missing data problem, methods for missing data can be applied 

to develop inference procedures within the current context. 

1. Estimating Causal Treatment Effects in Observational Studies 

1) Case-Control Designs

Case-control studies are widely used to ascertain causal relationships in 

nonrandomized clinical studies. In a typical case-control study on the 

relationship between some exposure variable(such as smoking), and 

disease(such as lung cancer), researchers first select a sample from a 

population of diseased subjects. Such a population is usually retrospectively 

identified by reviewing the charts of patients’ medical histories. Then, the next 

step is to select a sample of disease-free individuals, or controls, from a 

non-diseased population, with the same or similar socio-demographic and 

clinical variables, which are believed to predispose subjects to the disease of 

interest. Since the cases and controls are closely matched to each other in 

all predisposed conditions for the disease except for the exposure status, 

differences between the case and control groups should be attributable to 

the effect of exposure, or treatment. This approach can be justified from 
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potential outcomes framework. For example, if yi11 represents the outcomes 

from the case group, then the idea of case-control design is to find a control 

for each case so that the control’s response yj00 would represent the case’s 

unobserved potential outcome yi10. Thus, we may use the difference yi11-yj00 

as an estimate of the individual-level causal effect, i.e., 

Now, the computable sample average, , 

becomes a good approximation of the non-computable average 

, which is an estimate of the average causal effect Δ. 

2) Matching and Propensity Score Matching 

The case–control design reduces selection bias by matching subjects in the 

case and control group based on pre-disposed conditions. For the case-control 

design to work properly, however, we need to find good controls for the cases. 

If xi denotes the set of covariates for matching cases and controls, we must 

pair each case and control with identical or similar covariates. As the 

dimension of xi increases, however, matching subjects with respect to a large 

number of covariates can be quite onerous. A popular approach for matching 

subjects is the Propensity Score(PS) matching(Rubin and Rosenbaum 1986). 

This approach is premised upon the fact that treatment assignment dictated 

by xi is characterized by the probability of receiving treatment given the 

covariates xi, i.e., 
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If xi is a vector of covariates such that (yi1, yi0)⊥zi|xi, then we can show 

that 

This shows that conditional on πi, xi has the same distribution between 

the treated(zi=1) and control(zi= 0) groups. Thus, we can use the 

one-dimensional Propensity Score in (Eq. 5), rather than the multi-dimensional 

and multi-type xi, to match subjects. For example, we may model πi using 

logistic regression among others. With an estimated πi, we can partition the 

sample by grouping together subjects with similar estimated propensity scores 

to create strata and compare group differences within each stratum using 

standard methods. Then, we can derive causal effects for the entire sample 

by weighting and averaging such differences over all strata. Although it is 

convenient to use and applicable to both parametric and semi-parametric 

models, the PS generally lacks desirable properties of formal statistical models 

such as consistency and asymptotic normality(King and Nielson Forthcoming). 

Another major problem is that xi is only approximately balanced between 

the treatment groups, after matching or sub-classification using the estimated 

propensity score, especially when the observed covariates xi are not 

homogeneous in the treatment and control groups and/or one or more 

components of xi are continuous. Thus, this approach does not completely 

remove selection bias, although Rosenbaum and Rubin(Rosenbaum and Rubin 

1985) showed otherwise via simulation.1) In addition, since the choice of 

cut-point for creating strata using the propensity score is subjective in 

sub-classification methods, different people may partition the sample 

1) According to Rosenbaum and Rubin(1985), creating five sub-classes can 
remove at least 90% of the bias. 
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differently, yielding different estimates and even different conclusions, 

especially when the treatment difference straddles borderline significance. An 

alternative is to simply use the estimated propensity score as a covariate in 

regression analysis. This implementation is popular, since it reduces the 

number of covariates to a single variable, which is especially useful in studies 

with relatively small sample sizes. The approach is again ad-hoc and, like the 

parametric approach discussed above, its validity depends on assumed 

parametric forms of the covariate effects(typically linear).

3) Marginal Structural Models(MSM)

A popular alternative to PS is the marginal structural model(Hernán et al. 

2002; Robins 1999; Hernán and Robins 2019(forthcoming)), pioneered by 

Robins. Like PS, MSM uses the probability of treatment assignment for 

addressing selection bias. But, unlike PS, it uses the propensity score as a 

weight, rather than a stratification variable, similar to weighting in survey 

research(Horvitz and Thompson 1952; Blackwell 2012). By doing so, not only 

does the MSM completely remove selection bias, but also yields estimates with 

nice asymptotic properties. Another nice feature about the MSM is its readiness 

to address missing data, a common issue in longitudinal data(Hernán et al. 

2002). Under MSM, we model the potential outcome as 

Since only one of the potential outcomes(yi1, yi0) is observed, the above 

model cannot be fit directly using standard statistical methods. If treatment 

assignment is random, i.e., yik ⊥ zi, then E(yik) = E(yikk) and thus 
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Thus, for the RCT we can estimate the parameters β=(β0,β1)
T, including 

the average causal effect Δ=β1, for the model for the potential outcome in 

(Eq. 6) by substituting the observed outcomes from the two treatment groups 

in (Eq. 7). 

For observational studies, zi is generally not independent of yik. If xi is a 

vector of covariates such that (yi1+yi0) ⊥ zi｜xi, then we can still estimate β 

by modeling the observed outcomes   as in (Eq. 7), although we cannot 

use standard methods to estimate β and must construct new estimates. To 

this end, consider the following weighted estimating equations: 

Although the above equation involves potential outcomes, the set of 

equations is well defined. If the ith subject is assigned to the first(second) 

treatment condition, then i = i1 (i = j0 + n1) and yi1=yi11(yi0=yj00) for 1≤i1≤n1(1≤

j0≤n0). It follows that 














   



 
   

























    



if   













 


   

if   



｜ 126 ｜ 연구방법논총 ｜ 2019년 봄호 제4권 제1호

Thus, the estimating equation in (Eq. 8) are readily computed based on the 

observed data. Also, the set of estimating equation is unbiased, since 

Thus, by the theory of estimating equations, estimates of β obtained by 

solving the estimating equations in (Eq. 8) are consistent. 

2. Post-treatment confounders in Randomized Controlled Trials 

The intention-to-treat(ITT) analysis compares the outcomes of subjects by 

randomized groups, ignoring treatment compliance and other deviations of 

study protocols. As a result, the ITT yields the effect of treatment confounded 

by all those violations. Despite being protected from pre-treatment selection 

bias through randomization, ITT estimates of treatment are typically 

downwardly biased, because of the “diluted” effect by post-treatment bias 

due to treatment noncompliance and/or missing data. 

1) Estimation using Instrumental Variable

One way to address treatment noncompliance is to partition study objects 

into different types based on their impacts on causal treatment effects and 

then characterize the causal effects for each of the types of treatment 



An Introduction to Statistical Causal Inference ｜ 127 ｜

noncompliance(Angrist et al. 1993; Imbens and Rubin 1997; Imbens and Rubin 

2015). One approach that has been extensively discussed in the extant 

literature is a partition of sample under study into four types of their 

compliance behavior. 

1. Complier(CP): subjects compliant with assignment treatment(control or 

intervention).

2. Never-taker(NT): subjects who would take the control treatment 

regardless of what they are assigned. 

3. Always-taker(AT): subjects who would take the intervention regardless 

of what they are assigned.

4. Defier(DF): subjects who would take the opposite treatment to their 

assignment

In practice, the DF generally represents a small proportion of the 

noncompliant group. 

For the AT and NT group, Δi =yi1-yi0=0. Neither group contributes to causal 

effect. For DF, Di is in the opposite direction of causal effect. Thus, only the 

CP subsample provides information for causal effect. Let Ci = 1(0) if the ith 

subject is in the CP(otherwise). The causal effect for the CP group is 

The above is called the Complier Average Causal Effect(CACE). In contrast, 

the intention-to-treat(ITT) effect is given by ΔITT=E(yi1-yi0). 

If Ci is observed for each subject, then we have 
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where Cik denotes the complier’s status for the ikth subject in the kth 

treatment group(k=0, 1). We can then estimate E(yikk｜Cik=1)based on the 

Complier’s subsample within the kth treatment condition using standard 

methods such as the sample mean. In practice, we can only observe 

compliance status Dik for the assigned treatment condition. Although similar, 

Dik is generally different from Cik. For example, Di1=1 includes both the CP 

and AT subsamples within the treated, while Di0= 1 includes the CP + NT 

subsample within the control condition. By conditioning on Dik, we can 

estimate 

   
   

 

However, Δc≠ΔD unless there are no AT nor NT subsample in the study 

population. 

Let p1=E(Di1-1) and p0 =(Di1-0). Then p1 represents the proportion of CP+AT 

in the intervention, while p0 represents the proportion of AT+DF in the control 

condition. If we assume no DF, then p0 becomes the proportion of AT and 

p1- p0 represents the proportion of the CP group. Thus, we can express (Eq. 

9) as 

In other words, we can estimate the CACE by modifying the ITT estimate: 
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 The identity in (Eq. 11) depends critically on the assumption of 

randomization. This is because, to ensure that pk has the aforementioned 

interpretation, we must have 

which is only guaranteed under random treatment assignment. Because of 

the critical role played by zi in identifying the CP in the presence of 

confounding by the AT and NT subsamples, zi is called an instrumental 

variable(IV) and   is known as the IV estimate of CACE.

2) Estimation using Principal Stratification 

The IV method is limited to binary compliance variables. A notable limitation 

of the IV is that its estimated treatment effect only pertains to a subgroup 

of compliers in the study population. In most real studies, compliance varies 

over a range of patterns. One popular approach for allowing for graded levels 

of treatment compliance is the Principal Stratification(PST)(Frangakis and 

Rubin 2002). The PST creates Principal Strata based on similar treatment 

compliance patterns and estimates causal effects within each Principal Stratum. 

In the special case of IV classification of noncompliance, PST provides 

estimates of treatment effect for each of the four groups, albeit only CP is 

of primary interest. By creating graded treatment compliance categories, PST 

provides a more granular relationship between exposure and treatment effects. 

Let sik denote a categorical outcome that indicates levels of treatment 

compliance for the kth treatment condition and si= (si1, si0)
T. The basic principal 
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stratification P0 is the set of distinct si, i.e., P0={pl;1≤l≤L}, where L is the 

total number of principal strata and pl is a collection of si such that si=sj for 

si, sj∈pl, but si≠sj for si∈pl, sj∈pm (l≠m). A principal stratification P is a 

collection of sets that are unions of sets in the basic principal stratification 

P0. Thus, P is a coarser grouping of the distinct si. 

Consider, for example, 

For each subject, the potential outcome of noncompliance status si =(si1, 

si0)T has four patterns, which constitutes the basic principal stratification: 

P0={(1,1), (0,1), (1,0), (1,1)}. The four distinct patterns represent the CP (1,1), 

the DF (0, 0), the AT (1, 0), and NT (0, 1) subsamples under the IV classification 

of treatment noncompliance. By combining some of the patterns in the basic 

principal stratification P0, we can  create principal stratification P to represent 

noncompliance patterns of interest. For example, the principal stratification 

P={(1,1), (1,0)}, (0,1), (0,0)} no longer distinguishes between the CP and AT. 

Once we establish an appropriate choice of principal stratification P, we 

can compare the potential outcome yi1 and yi0 within each P to define the 

causal effect of interest: 

     si   ≤ ≤ 

The goal is to estimate Δl for each lth stratum. We may also create weighted 

averages to obtain overall treatment effects of interest. Inference about θ={Δ

l:1≤l≤L} can be based on maximum likelihood or Bayesian methods. In the 

special case of IV categorization, the PST provides more information about 
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the relationship between noncompliance and treatment effects than the IV. 

In addition to the CP, PST also provides treatment effects for the AT, NT, 

or even the DF group. 

3) Estimation using Structural Mean Models

In most studies, there exists a large amount of variability in treatment 

noncompliance(Goetghebeur and Lapp 1997; Lui 2011). For example, again 

drawn from clinical studies, in a medication vs. placebo study, if the 

medication is prescribed daily for 2 weeks, exposure to medication can range 

from 0 to 14 days. We may group medication dosage using a graded categorical 

variable and apply the PST to characterize a dose–response relationship in 

this case. However, since this or any other grouping of the dosage variable 

is subjective, we may want to use the original number of days of medication 

use directly to more objectively characterize the dose–response relationship. 

Unfortunately, this will immediately increase the number of principal strata 

and may not provide reliable inference, or the PST may simply stop working, 

if there is not a sufficient number of subjects within every stratum. A more 

sensible approach is to treat such a continuous-like treatment compliance 

measure as a continuous variable to study treatment effect. 

In many treatment research studies, active treatments are only available to 

study participants. In this case, active treatment is not available to the DF 

and AT subsample in the control condition, in which case causal treatment 

effect is determined by the AT+CP subsample in the treatment group. This 

allows us to model treatment effect as a function of continuous dose variables. 

Let sik denote a continuous compliance variable for the ith subject in the 

kth treatment with k = 1(0) for the active treatment(control) condition. For 

convenience and without the loss of generality, assume that sik ≥ 0 with 0 

representing zero dose. Since the active treatment is not available to subjects 
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in the control condition, si0≡0 and thus si0 provides no information about 

causal treatment effect. Thus we may model the causal effect as a function 

of si1 only:

     

 where g(si1, β) is some continuous function of si1 and β. Since (yi1, yi0)┴zi 

for randomized studies, it follows that 

      
       
       

where i1 again indexes the subjects assigned to the treatment group and 

yi11 is the observed outcome of the subject in the treatment group. The model 

in (Eq. 12) is the Structural Mean Model (SMM). To estimate Δi (si1), we must 

evaluate E(yi0|si1,zi = 0) so that it can be estimated with observed data. If si1 

is independent of yi0, then we have 

This compliance non-selective assumption is reasonable, if, for example, 

si1 is not correlated with disease severity. In this case, (Eq.13) is reduced to 

It then follows from (Eq. 12), (Eq. 13) and (Eq. 14) that 
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Given a specific form of g(si1, β), the SMM in (Eq. 16) allows one to model 

and estimate treatment effects for continuous dose variables. For example, 

if g(si1, β) = si1β, the SMM has the form: 

or equivalently, 

Note that although si1 is missing for the control group, the above is still 

well defined, since si1zi0≣0 for all 1≤i0≤n0.

 In many studies, we may collect sufficient information, say xi, to explain 

the compliance behavior si1. In this case, we have 

Under this compliance explainable condition, the SMM can be expressed 

as 

In the above medication vs. placebo studies, if treatment compliance is also 

tracked for the placebo group, then it is reasonable to assume that the variable 



｜ 134 ｜ 연구방법논총 ｜ 2019년 봄호 제4권 제1호

of placebo use, di0, explains treatment compliance, if the subject is assigned 

to the medication group. This is because under randomization subjects cannot 

distinguish between medication and placebo. Thus, if we let xi0 = di0, then 

it follows that 

We can readily model the right-side of the above. For example, if we model 

both  and  as a linear function, we have 

We may also express the above in a compact form as 

As before, the above is still well defined, even if si1 is missing for the control 

group. In many intervention studies, the control condition offers either nothing 

or sessions that provide information unrelated to the intervention. In many 

studies, compliance can be tracked. However, a dose variable, di0, generally 

does not explain treatment compliance, if the subject is assigned to the 

intervention group, since the information disseminated through the control 

condition may have nothing to do with the information provided by the 

intervention condition. Subjects with high compliance in the intervention may 

be quite different from their counterparts in the control group. Thus, xi in 

the study should contain variables that help explain behaviors of compliance 

for the intervention.
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3. Mechanisms of Treatment Effects 

Understanding the causal pathways of treatment effect is critically important, 

since identification of causal mechanism not only improves our understanding 

of the issues of interest, but also allows one to develop alternative and 

potentially more effective and efficient intervention or prevention strategies. 

A popular approach for causal mechanism is mediation analysis. 

1) Causal Mediation 

In recent years, there has been heightened activities to develop models for 

causal mediation effect under the counterfactual outcome framework(e.g., Imai 

et al. 2010a; Imai et al. 2010b; Pearl 2001; Robins 2002; Robins and Greenland 

1992). 

Let mik denote the potential outcome of a mediator, mi, for the ith subject 

corresponding to the kth treatment. The potential outcome of the primary 

variable of interest is more complex to allow one to tease out the direct and 

mediation causal effects of the intervention or exposure on this variable. Let 

yi(k, mik′) denote the potential outcome of the variable of interest yi 

corresponding to the kth treatment condition and mediator mik′(k, k′=0, 1). 

Note that in practice we can only observe mik and yi(k, mik)(mik′ )and yi(k′, 

mik′ ), if the ith subject is assigned to the kth(k′th) treatment(k, k′= 0,1). 

But, in order to extract the direct and mediation effects, we must consider 

yi(k, mik′), which is not observed if k≠k(Hafeman and Schwartz 2009; Pearl 

2001). The direct effect of treatment is the effect of treatment, i.e., 
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This quantity ζi(k) is also called the natural direct effect or the pure(total) 

direct effect corresponding to k=0(1). In addition, there is also controlled direct 

effect, yi(1, m) – yi(0, m), which may be viewed as the treatment effect that 

would have been realized, had the mediator mik been controlled at level m 

uniformly in the postulation(Pearl 2001; Robins 2003; Robins and Greenland 

1992). Note that ζi(1) is generally not same as ζi(0) and the difference 

represents interaction between treatment assignment and the mediator. 

The causal mediation, or indirect effect, or natural indirect effect, is the 

difference between the two potential outcomes, yi(k, mi1) and yi(k, mi0), of 

the variable of interest resulting from the two potential outcomes of the 

mediator, mi1 and mi0, corresponding to the two treatment conditions k=1 and 

k=0, i.e.,

If the treatment has no effect on the mediator, that is mi1-mi0 = m, then 

the causal mediation effect is zero. The quantity δi(0)(δi(1)) is also referred 

to as the pure indirect effect(total indirect effect)(Robins 1993). As in the case 

of direct effect, δi(1) and δi(0) are generally different. 

The total effect of treatment is the sum of the direct and mediation effect:

If we assume that no interaction between treatment assignment and the 

mediator, then δi(1)=δi(0)=δi  and ζi(1)=ζi =ζi. The total effect of treatment 

in this case is simply the sum of mediation and direct effect, i.e., τi=δi+ζi.

In mediation analysis, we are interested in the Average Causal Mediation 
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Effect(ACME), E(δi(k)), the average direct effect, E(ζi(k)), and the average total 

effect, E(τi)= 
 [Σk(δi(k)+E(ζi(k))]. Under no mediator by treatment assignment 

interaction, the average total effect reduces to E(τi)=E(δi)+E(ζ).

2) Sequential Ignorability and Model Identification

The independence between the error terms in the SEM plays a crucial role 

in the causal interpretation of the mediation model. The pseudo-isolation 

condition plays a critical role for the identifiability of the parameters of the 

SEM. The issue of identifiability can be discussed under the potential outcome 

based inference paradigm. For example, Imai et al. has shown that if xi is 

a vector of pre-treatment covariates for the ith subject, then 

The above is sequential ignorability(SI) because the first condition indicates 

that zi is ignorable, given the pre-treatment covariates xi , while the second 

one states that the mediator mik is ignorable, given xi and the observed 

treatment assignment zi. Although the first is satisfied by all randomized trials, 

the second is not. In fact, the second condition of SI cannot be directly tested 

from the observed data. Thus, sensitivity analysis is usually carried out to 

examine the robustness of findings under violations of the second ignorability 

assumption(Imai et al. 2010a). 

 Other assumptions have also been proposed. For example, Robins(Robins 

2003) proposed the following condition for the identification of controlled 

direct effect: 
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where wi is another set of observed post-treatment variables that confound 

the relationship between the mediator and the outcome. Under the more 

stringent assumptions, the following assumption is a necessary condition for 

identifying the ACME(Robins 2003): 

where Bi is a random variable independent of m. This is the so-called 

non-interaction assumption, which states that the controlled direct effect of 

treatment does not depend on the value of the mediator. 

3) Models for Causal Mediation Effect 

Under the stochastic independence in (Eq. 19), it can be shown that the 

ACME can be nonparametrically identified for k = 0, 1. Since the conditions 

in the SI imply yi (k＇,m)⊥zi｜mik=m＇, xi =xi, it follows that for any k and 

k＇:

where FT (·) (FT｜W (·))denotes the (conditional) cumulative distribution 

function (CDF) of a random variable T (T given W). We may further integrate 

out xi to obtain the unconditional mean: 
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By using (Eq. 21), we can derive direct, indirect and total effect for the 

linear SEM (LSEM) as the Generalized Linear Structural Equation Models 

(GLSEM), where mi and yi or both may be non-continuous variables 

(Vansttelandt and Goetghebeur 2003). For example, by expressing the LSEM 

in (Eq. 3) using the potential outcomes, we have 

Note that to indicate the dependence of the potential outcome of the 

mediator mi as a function of treatment assignment, we use mi(zi), rather than 

mik, in the LSEM  in (Eq. 22). The first condition in (Eq. 19) implies 

while the second indicates that 

It then follows that 

The ACME for the LSEM in Eq. 22 is
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Thus, under no mediator by treatment assignment interaction, the mediated 

effect is E(δ1(1))=E(δ1(0))=β2β1, which is identical to the indirect effect 

derived from the classic LSEM in Eq. 4.

We can also obtain the different causal effect if there is no mediator by 

treatment assignment interaction. For example, if we assume an interaction 

of the form, zimi, i.e.,

Then by using arguments similar to the non-interaction case above, we 

obtain

For the indirect(mediation), direct and total causal effect. These effects are 

again consistent with those derived from the classic LSEM approach. 

 The identification of ACME can be extended to the GLSEM. For example, 

if the mediator mi is binary, but the outcome yi is continuous, and mi is modeled 

as:  E(mi(zi))=logit-1(α1+β1zi), where logit-1 denotes the inverse of the logit 

link function, then under no mediator by treatment assignment interaction 

it follows from (Eq. 21) that the ACME can be expressed as 
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Note that others have considered mediation analyses without using the SEM 

paradigm. For example, Rubin(Rubin 2004; Rubin 2005) and Jo et al.(Jo 2011) 

considered methods to estimate the causal effect of treatment in the face of 

an intermediate confounding variable(mediator) based on the framework of 

Principal Stratification. These methods are limited in their ability to 

accommodate continuous mediating and outcome variables and are less 

popular than their SEM-based counterparts. 

4. Limitations and Problems of Potential Outcomes Framework

Although potential outcomes-based approach to causality has become very 

popular in statistics, social and health science, there are several practical 

limitations to this approach. One potential problem is that we may have to 

assume a continuous infinity of potential responses in complex problems 

where both treatment and outcomes are continuous and may vary in 

continuous time. Another issue is more fundamental and is related to the nature 

of the randomness of the potential outcomes: they vary in the population, 

but seem to be fixed for a subject. This has been well analyzed by Dawid(2000) 

who critiques this assumption as “a fatalist philosophy” and notes that “even 

after treatment has been taken, it seems unrealistic to regard the patient’s 

recovery status as predetermined.” One question is how to define causal effect 

without counterfactuals. The answer is to consider that different regimes can 

be applied to future patients, corresponding to different probabilities of 

treatment attribution. This is the approach taken by Arjas and Parner(2004), 

Geneletti and Dawid(2011) and Commenges and Gégout-Petit(2015). Rather 
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than split the response Y into several potential responses we can consider 

various regimes, giving rise to different probability laws for Y. This is not 

counterfactual because for instance an intervention will be made in the future 

for different individuals. The question is to infer from observational studies 

what will be the law of Y under this new set of treatments(regime). 

Ⅳ. Discussion 

Causal inference is widely used in social science to investigate the 

causal mechanism of exposures and interventions. Not only does research 

on this important issue have a long history, but the body of literature in 

this field is quite extensive as well, containing both methodological 

development and applications over a wide range of disciplines. The causal 

inference based on potential outcomes framework is by far most popular 

and plays a dominant role in the development of modern causal inference 

models and methods in social and biomedical sciences. This short essay 

aims to provide an overview of the relatively well-known methods for 

causal inference developed under the rubric of potential outcomes 

framework(or approach). The framework has many limitations, including 

many untested assumptions such as Stable Unit Treatment Value 

Assumption(SUTVA) and sequential ignorability. However, most of the 

popular statistical methods, such as the propensity score, principal 

stratification, marginal structural mean models and optimal dynamic 

treatment regime(Murphy 2003; Robins 2004) are developed based on 

this framework and has been proven quite useful. Using potential outcomes 

framework, these statistical methods can be generalized for causal 

inferences in various different settings. 
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인과추론의 방법: 개념, 모델, 쟁점
2)

이 병 재*

논문요약

인과추론은 사회과학의 가장 중요한 목표이다. 지난 30년간 통계학, 사회과학 
및 의학 등의 분야에서 인과추론의 방법론에서 있어서 많은 개념적, 방법론적 
진전이 이루어졌다. 이 논문은 인과추론 방법론의 기본적인 내용을 소개를 목적
으로 하며, 반사실적 인과개념, 잠재적 산출 프레임워크 및 사회과학/의학에서 
널리 사용되는 방법들에 대한 소개를 포함한다. 또한, 매개 분석 및 구조방정식 
모형에 대한 인과모델 관점에서의 논의도 제시된다. 
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