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o] WA #HE Sofl od 4 2 AAS AR Ak ofgfslr] fIgt
EHog gt AiolthZ 1%, 2016, 2811, 2013; Creswell, 2013). &
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A A3 AAS waelA o7le A AR £
2 AFe 2H A4 24 A4 9 AYS E}—Erﬂ Utk Hop FAFoR
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AU o, 44 A W8 P9 offgy THEAY #AES UrL
gk &2 AFY FARE A5l R A thEst Abgldf| dis] ATtsh, 539
rArRlef] ARkt AEolule o] distu gy} F Yol defl S8 #iE 2l qlth
2= ol AEoIHlo S0l T AFR] Q] ApRto| R} AL ER]
A0 oAt mF= Zo] ofye}, A7] 4Fe] FA|o]R} Bt Al g A 1 A
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2 5 YA Totstr] ek duld Atetal & 4= SltkJariath et al., 2000; Kim,
2011; Prescott and Soeken, 1989; van Teijlingen and Hundley, 2002). AP A+
© 1 F8A4d% EFata, A4 AF THE wAjolA S75] =R g ot
(Morrison, Clement, Nestel and Brown, 2016). 23 AF= A4 AF471 AP=H
A oY 7HA] Asel 2eHE §4 A, A 84S R & Sle R
23 QoW ARHAFE 2] oHA] ot kil e U= ich(Holloway,
2008). 7o SRI2 A thpo] AA A W E 2AE JE3 Morse(1997)% 23
A= ’5]"% ol AP A7E 2o BasHA] ¢hal ARIAF7E Q5|8 Al Aol 4
Agt 9 718 4 Qokal st AR A E, A a4, A

A1 S ;4-7.]
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ol F)oll uet =gk, YutH o AA Ao =7t E3Md e (saturation)
of o]F w7t EFAAES WEsHL l=tl, AFATE stHA AFATE 22 '
T 5p7] Aol A 42& e RE W
AR EZQstAY Q5] ezt @ 4 vk ol9h Z2 ook &5t
, B8 AFAES AR AT daAs AR B5] 2E ARk o] AR
= FAsfiof st=dl, 2422 F AFE A Ao A a3 24 TS
A&ty Frie B art 917] wEo|tk(van Teijlingen and Hundley, 2002; Kim,
2011; Leon et al, 2011). E3t, APIAFE olHA AA 2 A+(main study)7k
A3d f AL 5 Sl ZASS dlSsto] 2 Aol MA A vhdshs &
TFAA A FHEH ol el A AZEE 7H &= 7] WiZolthKim, 2011).
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Aol ofd APAATY W8S EWote A= EETHKim, 2011; Watson et al.,

2007). L AP AT 349 A T3t 212 Aol Aglo] Fasith
(Arain et al,, 2010). B 2K AFAE0] ofEA A4 AFE A& oF sh=Al
T REE A AP E AAY, A7t AR A=A Etsfisiy #45-¢E
AFE APgehe]dA - 2HA-E, 2018). AFAAT 9] AAE k& ARYE<L

2 BP9t AU o] HE-S W5, 8 AFAEe] &l o1
ATE $FE 5 AEF F AR o)Fo|tHThabane et al., 2010).
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A AT ERE §olR FUste] ARgotaAt gtk AP E F AE FHloHE A4
oA AAlok= ARl WHEA Ao, At S 2L Sle A @4

Aoz 3 7Fset A7 Awol E & A wofetr] ffs Aldsks A=A Ao
HAto|tk(Jariath et al., 2000; Kim, 2011; Prescott and Soeken, 1989; van
Teijlingen and Hundley, 2002). THA] Aok, APdAGE= A AARE AT
Az, Ay AL =7 J4, 283 Am 24 Ao o277k A4 A
& BusHA e H Egs F= AR & d7Hmain study)E % A5o
dgtoletal & 4+ QIth(Kim, 20115 Yin, 2011).

= AP AR 807 B ZAKfeasibility study)2b S-8sto] AMEE= 7
o] JA9HArain et al., 2010; LaGasse, 2013), & 80]9] oJu]&= thh Zo]7t
Ack. AP AT B3] A B 2 £AKmain study) o] ol MY th= oA
Aoty 18y Aol He that At A A= 5 A-Hmain study)?] 2>
HAolgt & 4= Qlth AR AFEE 8015 AR dos A9 BE 8L
& AFARE 2AF B, A FojRje|| o|27|7HA] Be 84E0] AHE AEshe
A 2 ZARE APty Ao FHrtth= &Ju|7F ZstHAmold et al., 2009; Arain
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ZAET T A7 AEE AHCHAY, B AL g FRE 25| 919
Al3gtet= oJul7l Qltk(leon et al., 2011; Morin, 2013).

Aol A Agst AXNE, A4 Ao EA whet Zo] APAALE ot ghot®
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ARAAT AEE S8 AT 44 AFAEel Yol ARATFE o | oA
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e & stk AA, AR ATE AAFO RN AR F dH(main study)E
2AH 02 AZ5}7| Aof| o' K-S oDA 2ASHAL WA oF st=A] Azl
£ 4 9JohKim, 2011; Wray, Archibong and Walton, 2017). E4, A+ J&7}
AFA7E Aol T gle A7 Wo] T AeketA] 12y duh A 7hset
AJA] gshe 7185 7HE 4 thKim, 2011, AR, APHALE S otHA

AR ZAof BAtt AF-E4 ALY FEE o= A wofd 4 SIthDoody
and Doody, 2015). YA, F 1 ol A4A7t T2 AFE +JF wo,
ARAAFE Foll AFAGel ot A4 29 olsi7t SHE 4 ithMorrison,
Clement, Nestel and Brown, 2016). THAAl, AFAATLE $85PHA A3AE= B2
A7} A ZE7] ARE 27]EE (self-reflection)shHe A4S M Hi, o] E3f
AFE Hroh Fgoiy g3 og AP 5 A Hrh(Doody and Doody, 2015;
Kim, 2011; Morrison, Clement, Nestel and Brown, 2016). 9JAA], Hast Z4L
7L AFRAATE AT o] 24 A ARG AFAdo] FEM, w2

A7 53 7HsAe] o IrHKim, 2011,
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th(Wray, 2017).

L A4 87 3 A4 FAo it &7

2 AFAE tHEsh ARIEAE 3F0hs $5¢ R A], 53] dEolwloqAy
o Atelte] Bl AR Aol ddE 2 Ao o R qh=olA 2 WA
AN = A7) B 2ok AR of 8 tiekeAl, HTR B Eoke] Aol
gt ARRIE ofBAl A4 skEAll tisl BRstal e Hidel, A AdxE

jug

=

ol

S99l WIS 25 Hgicka et Sl AFARE £39) gt dol
AT SO 41 B G0l MYk 201440] ] cotele] glatate]

AFiEA AgoR AASISIE wgrod, 20199 29 @A) sk Ast ol 9)

AFAE RN I AT OB A4E HEHE B HFD

A8 TUE o ETARA PR AF LA e &
= 3

452 Wl Hsi, o155} B 5 Hdoa%%, ool JAAA 5 Tt A
ol F5L A, AEolHole Aol dhal A B A HYek, ol
ABS o ATAL S ALslel] ASolulolAlel Tt ofef 744 4ol kst
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Experience of conducting qualitative research by a novice
researcher in social science:

Based on practicing the pilot study
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ABSTRACT

The purpose of this study is to introduce a pilot study in the aspect
of research methodology and to investigate the difficulties and the
methodological issues in the progress of the qualitative research which
was realized while carrying out the pilot study. The pilot study is a
small-scale methodological experiment conducted to prepare a main
study, and it is a preliminary study to determine whether a topic of
interest to the researcher can be a realistic and feasible. Despite its
usefulness, the pilot study has not been adequately discussed in the
qualitative research methodology textbooks. Based on the actual
experience of a novice researcher who is a Chinese student, the purpose
of this study was to emphasize the usefulness and value of the pilot
study in carrying out the qualitative research.
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Can Use of Mobile Phone Be Applied as an Indicator of

Perceived Social Supports in Patients with Schizophrenia?

Rinim Woo*-SeongJin Choi**

ABSTRACT

The purpose of this study was to investigate the effects of using
mobile phone on mental health and perception of social supports. 27
patients with schizophrenia visiting community mental health and social
rehabilitation facilities performed self-report surveys, and 27 normal
adults went through the same procedure. The surveys included
Questionnaire on Mobile Phone Use, Korean Version of General Mental
Health Questionnaire-30(KGHQ-30), and The Scale of Social Support.
Testing mean differences between groups and regression analysis were
used for data analysis. The patients with schizophrenia showed worse
mental health condition, lower perceived social supports, and less use of
mobile phones compared with normal adults. Despite unfavorable mental
health condition, the patients with schizophrenia could perceive more
social supports through the moderating effects of mobile phone use. The
communication function of mobile phone use had significant effects on
social supports, but the instrumental function didn’t. The preference for
sending text message had better effects on social supports than the
preference for phone conversation. The use of mobile phone could
increase social interactions and emotional supports, and play a role as a
moderator of psychosocial stress. The original function of mobile phone,
communication, especially sending text message, would help increase
higher level of perception of social supports than using mobile phone as
an instrumental function.

Keywords: Mobile phone use, Social support, Mental health, Schizophrenia

F1Y: 2019.01.12.  AARE: 2019.03.08.  AREFIY: 2019.03.14. ‘

* Ph.D. Student, Department of Psychology, Gyeongsang National University.
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Evaluation Capacity Building for Program Evaluation in
Public Sector

Don Jaegal

ABSTRACT

Program evaluation has been developed by the efforts of evaluators on
learning to gain new knowledge for program evaluation or on creating
the field of evaluation research to discover new methods and techniques.
As a result of these efforts, the program evaluation has gained its own
domain in academic fields and established its identity as a profession. In
recent years, program evaluation has evolved to be an important part of
scientific research to achieve the goals of making decisions, planning,
and improving the level and quality of implementation and monitoring of
policies. Program evaluation has evolved with strong momentum on its
own, and in return for its development, policy makers, program
planners, and top managers can effectively perform their functions
according to a given standard. There are elements commonly
encountered among countries seeking to build up the capacity to
evaluate public sector programs, and the success or failure of
implementing them depends on how they are managed. This study aims
to provide the theoretical basis for finding ways to build up the nation's
evaluation capacity by developing lessons and theoretical discussions
drawn from experience on such common elements. This study identifies
the actual implementation of the capacity building from the real world
of the evaluation, identifies what is building the evaluation capacity in
practice and how the implementation programs are carried out in
different organizational settings. When these components of the overall
evaluation system, including hardware and software, interact effectively
and efficiently, the organization or country is likely to have a superior
capacity to evaluate.

Keywords: Evaluation Capacity, Evaluation Capacity Building, Evaluation,
Program Evaluation, Evaluation Model
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A Qualitative Case Study on the Human Rights based
Approach in Living Facility of Persons with Disabilities:

Focusing on the Experiences of Social Workers*

Jihye Jeon**

Abstract

This study explored the dilemma experienced by social workers in
living facilities of people with disabilities, and discussed the contexts why
these dilemmas were caused. The 3 focus groups interviews of social
work practitioners were conducted. The analysis revealed that the
dilemma situation contains three dimensions : dimension of position and
role value, dimension of philosophy, dimension of social work practice.
Although the disability paradigm is shifted from welfare approach to
human right approach, the social work practice in living facility of
people with disabilities is incompatible with human rights approach.
Therefore, this study emphasized human right education to both social
workers and people with disabilities for enhancing their relationship and
understanding, and the development of communication skill and practical
rules in conflict situation.

Keywords: human right based approach, disability paradigm shift, living
facility for people with disabilities, dilemma, social work
practice

E3¢: 2019.02.14.  AARE: 2019.03.15.  AAEEY: 2019.03.15. |

* This work was supported by Incheon National University Research Grant in
2017.
** Assistant Professor, Incheon National University.
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Measuring of Recording Information Service Quality Using the
PCSI(Public Customer Satisfaction Index) : Case of the P Archives

Je-woo Park*-You—-Ra Youn**

ABSTRACT

Upon the user-centered shift in management paradigm of the public
institutions, the importance of service quality evaluation is emphasized
over time.

Addressing such issue, this study aims to directly measure the
Information and service quality of the archives using the previously
established quality evaluation method. In addition, this study discusses
the need for the evaluation of the service quality of the archives. The
quality evaluation method wused is called PCSI (Public Customer
Satisfaction Index), which is a model developed for evaluating service
satisfactory level and its enhancement in public institutions. In this study,
PCSI was first analyzed and indicators of evaluation were modified in
order to be applied to the archive. Based on this, a survey was made on
the P archives to evaluate the quality of the user-centered recording
Information service. The survey vyielded four main results. First, the
customer satisfaction score was calculated to be 80.2 from the
satisfactory model, and customers showed highest satisfaction in the
environment quality. In the service quality aspect, “professionalism” and
“innovation” were shown to be the strength and weakness of the
product quality, respectively. In the quality of delivery, the empathy of
the person in charge received the highest and the correspondence
received the lowest score. In the environmental quality, “comfort”
received the highest score while “convenience” received the lowest
score. In social quality, the records manager's sense of duty and safety
each received a highest and lowest score.This study is expected to be
used as a basic data for the development of user-based assement of
recording Information service and enhancement of user satisfaction.

Keywords : Public Customer Satisfaction Index, Recording Information
Service Quality Measuring, Archives

F3ug: 2019.02.14.  AARE: 2019.03.09.  AAEAFY: 2019.03.12. |

* Records Management Master, Dong-eui University.
** Assistant professor, Dong-eui University.
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An Introduction to Statistical Causal Inference:

Concepts, Models and Some Methodological Issues*

Byung-Jae Lee**

ABSTRACT

Causal inference is the most important aim in social science. Over the
last 30 vyears, we have witnessed a plenty of conceptual and
methodological improvements to deal with causal inference in statistics,
social and biomedical sciences. This paper aims to provide an overview
of causal modeling, which includes the counterfactual conception of
causality, potential outcomes framework, and statistical models commonly
used in social and biomedical sciences. Additionally, some recent issues
regarding mediation analysis and structural equation models are
discussed.

Keywords: Causal Inference, Propensity Score Matching, Marginal Structural
Model, Causal Mediation

1. Introduction

Suppose a (overly) simplistic scenario in which a country maintains a stable

democracy(or economic development) after a constitutional change of

* This work was supported by the National Research Foundation of Korea Grant
funded by the Korean Government(NRF-2016S1A3A2925033).
** Research Professor, Center for Digital Social Science, Yonsei University.
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electoral system(Lindberg 2009; Persson and Tabellini 2005). Can we say that
the constitutional change caused the stability(or economic development) in
this country? A natural way to think would be to ask what would have
happened to the country had the elections not been held. If the country would
have maintained democratic stability(economic development) anyway, we
would not say that the constitutional change was the cause of democracy
or economic development. If, on the other hand, the country would not have
maintained the stability or economic development without the constitutional
reform, then we would say that the constitutional change caused the stability.
Here, stability(or economic development) is the outcome, and the
constitutional change is the treatment or action. To determine whether a
treatment or an action causes an outcome, we typically make a mental
comparison between the two scenarios; one in which the treatment is present
and the other in which the treatment is absent. If the outcome differs between
the two scenarios, we say that the treatment has a causal effect on the
outcome. The potential outcomes framework formalizes this intuition of
causality, and in some sense, one can say that the framework is similar to
the most similar systems design(or methods of difference) in comparative
politics(Mill 1888; Sekhon 2008).

Assessing causal effect is the primary purpose of social science across
disciplines. Although many statistical models - notably linear regression models
- strive to provide causal relationships among variables of interest, few can
successfully offer estimates with a causal connotation. One of the main reasons
for such difficulties lies in confounding, either observed or otherwise. Unless
such confounding factors are all identified and/or controlled for, the observed
association cannot be attributed to causation.

One of the commonly used approaches to address such bias is to control

for covariates in the analysis(Morgan and Winship 2014). Ideally speaking, if
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one can find a// confounders for the relationship of interest, the simple
calculation of the difference between treatment and control groups represents
causal effects. However, as collected data and our understanding on
relationships between the variables are generally limited, some bias inevitably
remains due to exclusions of some important confounding variables in the
analysis. Without being able to assess the effect of such bias, it would still
be difficult to interpret findings from such conventional methods. A solid
concept of causation is needed to assess the bias.

Randomized Controlled Trials(RCTs) are known to provide golden standard
to causal inference. Although observational studies are more prone to selection
bias, RCTs are not completely immune to confounders. The primary sources
of confounders for RCTs are treatment noncompliancenot following the
assigned treatment) and muissing follow-ups@ttrition from the sample).
Although longitudinal models can effectively address the issue of attrition, the
intention-to-treat(ITT) approach based on the treatment assigned rather than
eventually received generally fails to deal with the noncompliance issue(Hollis
and Campbell 1999)

Another interesting problem of importance for both experimental and
observational studies is the causal mechanism of treatment effect. Although
the ITT and other methods provide useful tools for estimating treatment effect,
they do not tell us anything about causal mechanisms. One mechanism of
particular interest is mediation, a process that describes the pathway from
the intervention to the outcome of interest. Causal mediation analysis allows
one to ascertain causation for changes of implicated outcomes along such a
pathway.

The purpose of this paper is to provide a general overview of causal
inference from potential outcomes perspective and to discuss some difficulty

issues in causal inference. Given the expansive literature in this field, the
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discussions in the following sections are inevitably very selective.

II. Counterfactual Conception of Causality and Potential

Outcomes Framework

Although conceptually straightforward, a formal definition of causation is
actually not(Brady 2008; Sekhon 2008). This is because we often rely on
randomization for the notion of causation. How can we define causation in
the absence of randomization? Since randomization is only the means by which
to control for confounding, we cannot use it to define causal effect. Rather,
we need a more fundamental concept to help explain why randomization can
address confounding to achieve causation. This is the role of potential

outcome.

1. Potential Outcomes and Randomized Controlled Trials

The potential outcomes framework for causal inference is based on a specific
conception of causality, called counterfactual conception of causalit{Lewis
1974; Rubin 2006; Brady 2008; Sekhon 2008). Most of recent literature on
causal inference rely on the notion of potential outcome, defined as an
outcome had the subject followed a particular treatment, possibly different
from the treatment he or she actually followed. In experimental or clinical
settings, the individual-level causal effect of a treatment may be viewed as
the difference in outcomes if a person had followed that treatment as
compared to a placebo or a standard protocol(Morton and Williams 2010).

Consider, for example, a simple trial in which subjects receive either

treatment 2 or 2~ . Suppose further that the subject is randomized to receive
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treatments. This subject will have a single observed outcome Y that
corresponds to the potential outcome Y under treatment a, denoted by Ha),
and one unobservable potential outcome Xa’ ), corresponding to the outcome
under a2” , because a subject cannot receive both treatments simultaneously,
which is so-called fundamental problem of causal inference(Holland 1986).
When we are interested in the individual causal effects of taking treatment
a instead of treatment &, the individual level causal parameter that could
be considered is a subject’s outcome under treatment a subtracted from his
outcome under treatment a”, i.e., Wa) — Wa’ ). If, for a given subject, all
potential outcomes are equal(i.e., ¥ does not depend on a), then for this
subject, the treatment has no causal effect on the outcome. If the treatment
has no causal effect on the outcome for any subject in the study population,
we could say the causal null hypothesis holds. Thus, a fundamental problem
with subject-specific causal effects is that they are difficult to identify, because
it is difficult to observe the outcome under both 2 and 2”~ without further
data and assumptions, as in crossover designs without carryover
effects(Piantadosi 2005, 515).

The concept of potential outcome allows us to see why treatment differences
observed in RCT represent causal effect in this way. With a random binary
indicator for treatment z(1 for treatment, and O for control), ya(yn) denote
the potential outcome corresponding to z =1(0). The causal effect for each
subject is 4; = ya - yo, which is not observable, since only the potential
outcome corresponding to the treatment actually received is observed. Thus,
the causal treatment, or population-level, effect, 4 = HKd4), cannot be
estimated by simply averaging the / s. For an RCT, however, we can estimate
by using the usual difference in the sample means between the two treatment
conditions.

Let m(m) denote the number of subjects assigned to the intervention(control)
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group and let n = m + m. If yi denotes the potential outcome of the ith
subject for the Ath treatment for the n subjects, we observe yy if the subject
is assigned to the ith treatment condition(k =0,1). If ya:1(yuo) represents the
observed outcome for the Ath (jth) subject in the m(m) subjects in the
intervention (control) group, we can express the observed potential outcomes
for the n subjects as: ya=ya1 with /= 4 for 1<A<m (yo = ypo With 7 = jp
+ m for 1</,<m). The sample means for the two groups and the difference

between the sample means are given by
1w
Z:}_’q_}_’-mk: n_z yikk,k=0,1. (Eq.1)
k
k=1

For an RCT, treatment assignment is independent of potential outcome, i.e.,
Vi L z, where L denotes stochastic independence. By applying the law of
iterated conditional expectation, it follows from the independent assignment
that

Euw) = EQwlzi= k) = EQyw) k= 0,1.  (Eq.2)

It then follows from (Z£g. 1) and (£g. 2) that

Ny Mo
_ 1 1
E(d)=— E E(yin) = E E(¥jp0)
11'1:1 0j0:1

=E(¥i,1) = E(¥j0)
=E((YulZi=1) — E(yplz; =0)
=Eyi1) —EQi)

—A. (Eq.3)
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Thus, the difference between the sample means estimates the causal
treatment effect in the RCT. The above shows that the approaches such as
the two-sample f-test and regression models can be used to infer causal
treatment effects in RCTs. Randomization is key to the transition from the
individual level difference, yz - yo, to the sample means in (£g. 1) in estimating
the average treatment effect(ATE). However, for non-randomized trials,
exposure to treatments may depend on the values of the outcome variable,
in which case the difference between the sample means in (Zg. 1) generally
does not constitute the average causal effect. Thus, associations found in

observational studies generally do not constitute causal effect.

2. Observational Studies and Selection Bias

Selection bias is one of the most important confounders in observational
studies. It is also called pre-treatment confounders, since selection bias is often
caused by imbalance in baseline covariates before treatment assignment(King
et al. 1994; Glynn and Quinn 2010). The potential-outcomes approach
provides a framework for explicating the effect of selection bias. Consider
an observational study with two treatment conditions and let z continue to
denote the binary indicator of treatment assignment. If treatment assignment
is not random, z may not be independent of the potential outcome. Thus,
the condition yi-L 2z may not hold and the identity E(A)=4 in (£g.3) may fail,
in which case A no longer estimates the causal treatment effect 4.

By considering treatment difference from the perspective of potential
outcome, not only can we develop models to address selection bias, but also
methods to provide degree of confidence for the causal relationship
ascertained. An approach widely used to address selection bias is to include

covariates as additional explanatory variables in regression analysis. However,
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as in the case of explaining causation using randomization, such an approach
does not have a theoretical justification, since without the potential
outcome-based framework, it is not possible to analytically define selection
bias. Another undesirable aspect of the approach is its model dependence,
i.e., relying on specific regression models to control for the effect of
confounding(Ho et al. 2007). For example, a covariate responsible for selection
bias may turn out to be statistically insignificant simply because of the use
of a wrong statistical model or poor model fit. Most important, despite such
adjustments, some residual bias may remain due to our limited understanding
of covariates for the relationship of interest and/or the limited covariates
collected in most studies. Without being able to assess the effect of such hidden

bias, it is difficult to interpret findings from such an ad-ioc approach.

3. Post-treatment Confounders in Randomized Controlled Trials

In RCTs, treatment assignment is independent of potential outcomes, and
statistical models such as regression can be applied for causal inference.
However, this does not mean that such studies are free from selection bias.
In addition to pre-treatment selection bias, selection bias of different kind,
treatment noncompliance and/or non-random dropout post randomization, is
quite common in RCTs. For example, if the intervention in an RCT has so
many side effects that a large proportion of subjects cannot tolerate it long
enough to receive the benefit of the treatment, the ITT analysis is likely to
show no treatment effect, even though those who continue with the
intervention may benefit. Thus, we must address such downward bias in ITT
estimates, if we want to estimate treatment effects for those who are either

not affected by or able to tolerate the side effects.
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4. Mediation Effect

Many social scientists are interested in how an intervention and/or
moderation achieves its effect upon establishing the efficacy of the
intervention. Mediation analysis helps answer such questions(Bullock et al.
2010; Bullock and Ha 2012). Suppose z is the indicator of treatment
assignment, m; the mediator, and y; the outcome. By investigating such a
mediational process through which the treatment affects outcomes, not only
can we further our understanding of the underlying mechanisms, but we may
also develop alternative and better intervention strategies for the issues.

Structural equation models(SEM) are generally used to model mediation
effects(Baron and Kenny 1986; Bollen 1987; Judd and Kenny 1981; McKinnon
and Dwyer 1993). The mediation model illustrates how the treatment achieves
its effect on the outcome y; by first changing the value of the mediator m.
For a continuous m; and y;, the mediation effect can be modeled by the
following SEM:

m; = ﬁo + ﬁzmzi + €mis
Vi = ﬁl + ﬁzyzi + ﬁmymi + Eyir EmiJ— Eyi (Eq- 4)

In this framework, the parameter j . is interpreted as the direct effect of
treatment on the outcome y;, while B ., z is interpreted as the indirect, or
mediated, effect of the treatment z on the outcome y; through m. Thus, the
total effect of treatment is viewed as the combination of the direct and indirect
effects, B, + BB my

The SEM overcomes the limitations of standard regression models to
accommodate variables that serve both as a dependent and independent

variable such as the mediator m. However, since it is still premised upon
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the classic modeling paradigm, it falls short of fulfilling the goal of providing
causal effects. Causal inference for mediation analysis can also be performed
under the paradigm of potential outcomes. Note that the error terms m; and
7i in (£qg. 4) are assumed independent. This sequential ignorability condition
is critical not only for ensuring causal interpretation, but also for identifying
the SEM in (£qg. 4) as well.

II. Statistical Tools for Causal Inference

In the presence of selection bias, not only models for cross-sectional data
such as linear regression, but even models for longitudinal data such as
mixed-effects models and structural equation models are not suitable for causal
inference. A large body of literature has been accumulated to address this
issue in both observational and RCT studies. One of the widely used approach
is to view unobserved components of potential outcomes as missing data and
employ the methodology for missing data to deal with the technical problems
within the context of causal inference(Holland 1986; King et al. 1994; Rubin
2006). Thus, the goal of causal inference is now to model or impute the missing
values, or the unobserved potential outcomes, to estimate the average causal
effect 4=HKyy-yn), which is not directly estimable using standard statistical
methods because of the fundamental problems of causal inference.

In practice, these issues are further complicated by missing data, and various
approaches have been developed to address the issues. These models are
largely classified into one of the two broad categories: parametric and
non-parametric. Since the unobserved potential outcome can be treated as
missing data, the parametric and non-parametric frameworks both seek to

extend standard statistical models for causal inference by treating the latent
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potential outcome as a missing data problem and applying missing data
methods. If treatment assignment is not random, it may depend on the
observed, or missing potential outcome, or both. If the assignment is
completely determined by a set of covariates, X, then the unobserved potential
outcome is independent of treatment assignment once conditioned upon X
This missing at random(MAR) assumption allows one to estimate the average
causal effect A=Hya-yp). Thus, by identifying the unobserved potential
outcome as a missing data problem, methods for missing data can be applied

to develop inference procedures within the current context.

1. Estimating Causal Treatment Effects in Observational Studies

1) Case-Control Designs

Case-control studies are widely used to ascertain causal relationships in
nonrandomized clinical studies. In a typical case-control study on the
relationship between some exposure variable(such as smoking), and
disease(such as lung cancer), researchers first select a sample from a
population of diseased subjects. Such a population is usually retrospectively
identified by reviewing the charts of patients’ medical histories. Then, the next
step is to select a sample of disease-free individuals, or controls, from a
non-diseased population, with the same or similar socio-demographic and
clinical variables, which are believed to predispose subjects to the disease of
interest. Since the cases and controls are closely matched to each other in
all predisposed conditions for the disease except for the exposure status,
differences between the case and control groups should be attributable to

the effect of exposure, or treatment. This approach can be justified from
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potential outcomes framework. For example, if ya1: represents the outcomes
from the case group, then the idea of case-control design is to find a control
for each case so that the control’s response ypo would represent the case’s
unobserved potential outcome yao. Thus, we may use the difference yai-yuo

as an estimate of the individual-level causal effect, i.e.,

Yis1 = Vjoo = Yiz1 — Yji0

- 1 nq 1

— U 1] X
Now, the computable sample average, Boe = -2 =1 Vi1 ~ 55 Zjo=1Yjo1,

becomes a good approximation of the non-computable average

A=1y™ (y. o .
A= 2= 0~y i0), which is an estimate of the average causal effect 4.

2) Matching and Propensity Score Matching

The case-control design reduces selection bias by matching subjects in the
case and control group based on pre-disposed conditions. For the case-control
design to work properly, however, we need to find good controls for the cases.
If x; denotes the set of covariates for matching cases and controls, we must
pair each case and control with identical or similar covariates. As the
dimension of x; increases, however, matching subjects with respect to a large
number of covariates can be quite onerous. A popular approach for matching
subjects is the Propensity Score(PS) matching(Rubin and Rosenbaum 1986).
This approach is premised upon the fact that treatment assignment dictated
by x; is characterized by the probability of receiving treatment given the

covariates x;, i.e.,

T = n(x;) =Pr(z; = 1|x;). (Eq.5)
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If x; is a vector of covariates such that (ya, yo)LzIx, then we can show
that

Pr(x;|z; = 1, ;) = Pr(x;|z; = 0,m;).

This shows that conditional on 7 ; X; has the same distribution between
the treated(z=1) and control(z= 0) groups. Thus, we can use the
one-dimensional Propensity Score in (Zg. 5), rather than the multi-dimensional
and multi-type X;, to match subjects. For example, we may model 7 ; using
logistic regression among others. With an estimated 7, we can partition the
sample by grouping together subjects with similar estimated propensity scores
to create strata and compare group differences within each stratum using
standard methods. Then, we can derive causal effects for the entire sample
by weighting and averaging such differences over all strata. Although it is
convenient to use and applicable to both parametric and semi-parametric
models, the PS generally lacks desirable properties of formal statistical models
such as consistency and asymptotic normality(King and Nielson Forthcoming).

Another major problem is that X; is only approximately balanced between
the treatment groups, after matching or sub-classification using the estimated
propensity score, especially when the observed covariates X, are not
homogeneous in the treatment and control groups and/or one or more
components of X; are continuous. Thus, this approach does not completely
remove selection bias, although Rosenbaum and Rubin(Rosenbaum and Rubin
1985) showed otherwise via simulation. In addition, since the choice of
cut-point for creating strata using the propensity score is subjective in

sub-classification methods, different people may partition the sample

1) According to Rosenbaum and Rubin(1985), creating five sub-classes can
remove at least 90% of the bias.
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differently, vyielding different estimates and even different conclusions,
especially when the treatment difference straddles borderline significance. An
alternative is to simply use the estimated propensity score as a covariate in
regression analysis. This implementation is popular, since it reduces the
number of covariates to a single variable, which is especially useful in studies
with relatively small sample sizes. The approach is again ad-Aoc and, like the
parametric approach discussed above, its validity depends on assumed

parametric forms of the covariate effects(typically linear).

3) Marginal Structural Models(MSM)

A popular alternative to PS is the marginal structural model(Hernan et al.
2002; Robins 1999; Herndn and Robins 2019(forthcoming)), pioneered by
Robins. Like PS, MSM uses the probability of treatment assignment for
addressing selection bias. But, unlike PS, it uses the propensity score as a
weight, rather than a stratification variable, similar to weighting in survey
research(Horvitz and Thompson 1952; Blackwell 2012). By doing so, not only
does the MSM completely remove selection bias, but also vields estimates with
nice asymptotic properties. Another nice feature about the MSM is its readiness
to address missing data, a common issue in longitudinal data(Hernan et al.

2002). Under MSM, we model the potential outcome as

E(Yy) = e = o+ ik, 1< i<nk =01 (Eq.6)

Since only one of the potential outcomes(ya, yo) is observed, the above
model cannot be fit directly using standard statistical methods. If treatment

assignment is random, i.e., yx L z, then Hyx) = Hyyk) and thus
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E(yix) = Bo + Bk, 1 < i Sy k = 0,1 (Eq.7)

Thus, for the RCT we can estimate the parameters 8=(80,81)", including
the average causal effect 4=4, for the model for the potential outcome in
(Fqg. 6) by substituting the observed outcomes from the two treatment groups
in (Bg. 7).

For observational studies, z is generally not independent of yu. If X;is a
vector of covariates such that (y1+yn) L z| x; then we can still estimate S

by modeling the observed outcomes y,, as in (£g. 7), although we cannot

use standard methods to estimate B and must construct new estimates. To

this end, consider the following weighted estimating equations:

Zi
n 7_[_1 Vin — 1)

>1i% =0, (£¢.8)

i=1 1-r, Yio — to)

Although the above equation involves potential outcomes, the set of
equations is well defined. If the ith subject is assigned to the first(second)
treatment condition, then 7= 4 (/= j + m) and ya=ym(p=ypo) for 1<i<m(1<

Jo<m). Tt follows that

Z; L(yu_ﬂl) .
~(yy — ) o if z=1

™ O
1—2z,

L ) 0
1—m Yio — Mo 1 it z=0

1—m
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Thus, the estimating equation in (Zg. 8) are readily computed based on the

observed data. Also, the set of estimating equation is unbiased, since

Zi Z

E <n,_iy1'k) =E [E (;iyik xz)]
1 Z;

=E [EE (n—i)’ik xz)]

=F [%E(Zilxi)E(Yiklxi)]

= E[E(Yulx)]
= Hie-

Thus, by the theory of estimating equations, estimates of A obtained by

solving the estimating equations in (£g. 8) are consistent.

2. Post-treatment confounders in Randomized Controlled Trials

The intention-to-treat(ITT) analysis compares the outcomes of subjects by
randomized groups, ignoring treatment compliance and other deviations of
study protocols. As a result, the ITT vyields the effect of treatment confounded
by all those violations. Despite being protected from pre-treatment selection
bias through randomization, ITT estimates of treatment are typically
downwardly biased, because of the “diluted” effect by post-treatment bias

due to treatment noncompliance and/or missing data.

1) Estimation using Instrumental Variable

One way to address treatment noncompliance is to partition study objects
into different types based on their impacts on causal treatment effects and

then characterize the causal effects for each of the types of treatment
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noncompliance(Angrist et al. 1993; Imbens and Rubin 1997; Imbens and Rubin
2015). One approach that has been extensively discussed in the extant
literature is a partition of sample under study into four types of their

compliance behavior.

1. Complier(CP): subjects compliant with assignment treatment(control or
intervention).

2. Never-taker(NT): subjects who would take the control treatment
regardless of what they are assigned.

3. Always-taker(AT): subjects who would take the intervention regardless
of what they are assigned.

4. Defier(DF): subjects who would take the opposite treatment to their

assignment

In practice, the DF generally represents a small proportion of the
noncompliant group.

For the AT and NT group, 4; =ya-y»=0. Neither group contributes to causal
effect. For DF, D; is in the opposite direction of causal effect. Thus, only the
CP subsample provides information for causal effect. Let C; = 1(0) if the ith

subject is in the CP(otherwise). The causal effect for the CP group is

Acp = E(yin — YiolC1 = 1) (Eq.9)

The above is called the Complier Average Causal Effect(CACE). In contrast,
the intention-to-treat(TT) effect is given by 4 =Kya-yw).

If G is observed for each subject, then we have
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Ac=E{ulC =12, =1) —EplC;=1,2,=0)
= E(Yi11|Ci1 = 1) - E(Yioolcio = 1)v(EQ- 10)

where Cy denotes the complier’s status for the 7kth subject in the Ath
treatment group(k=0, 1). We can then estimate Ay | Ci=1)based on the
Complier's subsample within the Ath treatment condition using standard
methods such as the sample mean. In practice, we can only observe
compliance status Dy for the assigned treatment condition. Although similar,
Dy is generally different from Cj. For example, Ds=1 includes both the CP
and AT subsamples within the treated, while Dy= 1 includes the CP + NT
subsample within the control condition. By conditioning on Di, we can

estimate

However, 4.# 4p unless there are no AT nor NT subsample in the study
population.

Let p1=E(Ds-1) and p =(D;-0). Then p; represents the proportion of CP+AT
in the intervention, while p, represents the proportion of AT+DF in the control
condition. If we assume no DF, then p, becomes the proportion of AT and
D1- po represents the proportion of the CP group. Thus, we can express (£q.
9) as

_Eu— i) _ Aprr
P1—Po P1—P

[(Eq.11)

In other words, we can estimate the CACE by modifying the ITT estimate:
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<

P ng
- A Vi— V. 1
Agp= T _ Y1 O,pk:—z:Dik,k:O,l.
e &=
=

P1—Do  P1— Do
The identity in (Zg. 11) depends critically on the assumption of

randomization. This is because, to ensure that p; has the aforementioned

interpretation, we must have
P = E(dy) = Pr(Dy. = 1,z; = k),

which is only guaranteed under random treatment assignment. Because of
the critical role played by z in identifying the CP in the presence of

confounding by the AT and NT subsamples, z is called an instrumental

variable(IV) and ﬁcp is known as the IV estimate of CACE.

2) Estimation using Principal Stratification

The IV method is limited to binary compliance variables. A notable limitation
of the IV is that its estimated treatment effect only pertains to a subgroup
of compliers in the study population. In most real studies, compliance varies
over a range of patterns. One popular approach for allowing for graded levels
of treatment compliance is the Principal Stratification(PST)(Frangakis and
Rubin 2002). The PST creates Principal Strata based on similar treatment
compliance patterns and estimates causal effects within each Principal Stratum.
In the special case of IV classification of noncompliance, PST provides
estimates of treatment effect for each of the four groups, albeit only CP is
of primary interest. By creating graded treatment compliance categories, PST
provides a more granular relationship between exposure and treatment effects.

Let s; denote a categorical outcome that indicates levels of treatment

compliance for the Ath treatment condition and s= (s3, sp)". The basic principal
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stratification A is the set of distinct s, i.e., R={p;1<I<L}, where I is the
total number of principal strata and p; is a collection of s; such that sz=s; for
S, SEp, but s;#s; for sE€p, sEpn (Zm). A principal stratification P is a
collection of sets that are unions of sets in the basic principal stratification
P. Thus, P is a coarser grouping of the distinct s,

Consider, for example,

_ {1, if compliant
Sik =10, if noncompliant

For each subject, the potential outcome of noncompliance status s; =(s,
so)' has four patterns, which constitutes the basic principal stratification:
R={(1,1), (0,1), (1,0), (1,1)}. The four distinct patterns represent the CP (1,1),
the DF (0, 0), the AT (1, 0), and NT (0, 1) subsamples under the IV classification
of treatment noncompliance. By combining some of the patterns in the basic
principal stratification A, we can create principal stratification P to represent
noncompliance patterns of interest. For example, the principal stratification
P={(1,1), (1,0}, (0,1), (0,0)} no longer distinguishes between the CP and AT.

Once we establish an appropriate choice of principal stratification 2, we
can compare the potential outcome yn and yp within each P to define the

causal effect of interest:
A, = E(y, —ym|si’), 1<i1< I,

The goal is to estimate 4, for each th stratum. We may also create weighted
averages to obtain overall treatment effects of interest. Inference about 6={4
;1< /<1} can be based on maximum likelihood or Bayesian methods. In the

special case of IV categorization, the PST provides more information about
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the relationship between noncompliance and treatment effects than the IV.
In addition to the CP, PST also provides treatment effects for the AT, NT,

or even the DF group.

3) Estimation using Structural Mean Models

In most studies, there exists a large amount of variability in treatment
noncompliance(Goetghebeur and Lapp 1997; Lui 2011). For example, again
drawn from clinical studies, in a medication vs. placebo study, if the
medication is prescribed daily for 2 weeks, exposure to medication can range
from 0 to 14 days. We may group medication dosage using a graded categorical
variable and apply the PST to characterize a dose-response relationship in
this case. However, since this or any other grouping of the dosage variable
is subjective, we may want to use the original number of days of medication
use directly to more objectively characterize the dose-response relationship.
Unfortunately, this will immediately increase the number of principal strata
and may not provide reliable inference, or the PST may simply stop working,
if there is not a sufficient number of subjects within every stratum. A more
sensible approach is to treat such a continuous-like treatment compliance
measure as a continuous variable to study treatment effect.

In many treatment research studies, active treatments are only available to
study participants. In this case, active treatment is not available to the DF
and AT subsample in the control condition, in which case causal treatment
effect is determined by the AT+CP subsample in the treatment group. This
allows us to model treatment effect as a function of continuous dose variables.

Let sz denote a continuous compliance variable for the #th subject in the
kth treatment with & = 1(0) for the active treatment(control) condition. For
convenience and without the loss of generality, assume that sz = 0 with 0

representing zero dose. Since the active treatment is not available to subjects
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in the control condition, sp=0 and thus sp provides no information about
causal treatment effect. Thus we may model the causal effect as a function

of s1 only:

E(yn - yi0|5i1) = 9(5i1ﬂ)- (EQ~12)

where g(s1, 8) is some continuous function of s3 and B. Since (ya, yo)‘z

for randomized studies, it follows that

A (Sil

~—

(?J21|3z1 )— (yi0|3il)
E(y Yin |521a = 1)_E(yi0|8i17zi =0)
(y, 1ls; ) E(y; s,z =0). (Eq.13)

where 7 again indexes the subjects assigned to the treatment group and
ya1 is the observed outcome of the subject in the treatment group. The model
in (Fg. 12) is the Structural Mean Model (SMM). To estimate 4; (s1), we must
evaluate Hyplsa,z = 0) so that it can be estimated with observed data. If s3

is independent of yp, then we have

E(iolSio z; = 0) = E(yy0lz; = 0)
= E(yioo) = fo.(Eq.14)

This compliance non-selective assumption is reasonable, if, for example,

sy is not correlated with disease severity. In this case, (£g.13) is reduced to

Dysiy = E(iu — Yiolsu) = EQuls_iyl) — E(io) = E(Yi11|5i11) — Po-(Eq.15)

It then follows from (£g. 12), (Eg. 13) and (£g. 14) that
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E(Yioo) = ﬁOrE(Yi11|5i11) = 9(5111,ﬂ) + P01 <ip <ny,k=0,1,n=n, +n,;.(Eq.16)

Given a specific form of gsy, 8), the SMM in (Fg. 16) allows one to model
and estimate treatment effects for continuous dose variables. For example,
if glsa, B) = sa1 B, the SMM has the form:

E(Yioo) = ﬁOrE(Yi11|5i11) =fo+ 51’1131'1 Shsnk=01,

or equivalently,

E(yi,1|si,1) = Bo + si,12i P12z, = k1 < i <,k =0,1,

Note that although s is missing for the control group, the above is still
well defined, since s3zp=0 for all 1<i<m.
In many studies, we may collect sufficient information, say X, to explain

the compliance behavior s;. In this case, we have

Eiolsi, xi,2z; = 0) = E(iolx;,2; = 0) = E()’ioolxiorzio = 0)- (Eq.17)

Under this compliance explainable condition, the SMM can be expressed

as

E(yi,)5t,1,%ip02, = 0) = 9(s,0.%0,,8) + (E(Yigo|xiy 21, = 0), 25, =k, 1 <1 Sy k
=0,1

In the above medication vs. placebo studies, if treatment compliance is also

tracked for the placebo group, then it is reasonable to assume that the variable



| 134 | G7YH=Z | 20194 =5 M4 A=

of placebo use, dy, explains treatment compliance, if the subject is assigned
to the medication group. This is because under randomization subjects cannot
distinguish between medication and placebo. Thus, if we let xy = dp, then

it follows that

E(Vigo| X1y Zi, = 0) = E(Vigo|diyr 2iy = 0)

We can readily model the right-side of the above. For example, if we model

both and as a linear function, we have

E(yiooldio'zio = 0) = IBO + dioﬁi

We may also express the above in a compact form as

E(Yipa|si,1 Xip 2i, = 1) = Po + Pigp, + Z_ikSi;1P20 1 < i S M,y +1n9 = 1.

As before, the above is still well defined, even if s; is missing for the control
group. In many intervention studies, the control condition offers either nothing
or sessions that provide information unrelated to the intervention. In many
studies, compliance can be tracked. However, a dose variable, dp, generally
does not explain treatment compliance, if the subject is assigned to the
intervention group, since the information disseminated through the control
condition may have nothing to do with the information provided by the
intervention condition. Subjects with high compliance in the intervention may
be quite different from their counterparts in the control group. Thus, X; in
the study should contain variables that help explain behaviors of compliance

for the intervention.
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3. Mechanisms of Treatment Effects

Understanding the causal pathways of treatment effect is critically important,
since identification of causal mechanism not only improves our understanding
of the issues of interest, but also allows one to develop alternative and
potentially more effective and efficient intervention or prevention strategies.

A popular approach for causal mechanism is mediation analysis.

1) Causal Mediation

In recent years, there has been heightened activities to develop models for
causal mediation effect under the counterfactual outcome framework(e.g., Imai
et al. 2010a; Imai et al. 2010b; Pearl 2001; Robins 2002; Robins and Greenland
1992).

Let my denote the potential outcome of a mediator, m, for the th subject
corresponding to the Ath treatment. The potential outcome of the primary
variable of interest is more complex to allow one to tease out the direct and
mediation causal effects of the intervention or exposure on this variable. Let
ik, my ) denote the potential outcome of the variable of interest y;
corresponding to the Ath treatment condition and mediator myu &, £ =0, 1).
Note that in practice we can only observe my and ylk, mxp)(my  Jand yk~,
my ), if the th subject is assigned to the Ath(k” th) treatment(k, £" = 0,1).
But, in order to extract the direct and mediation effects, we must consider
vk, my), which is not observed if &#=k(Hafeman and Schwartz 2009; Pearl

2001). The direct effect of treatment is the effect of treatment, i.e.,

Gitoy = Yi(Lmye) = Yiomyy,  fork=0,1
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This quantity & (%) is also called the natural direct effect or the pure(total)
direct effect corresponding to 4=0(1). In addition, there is also controlled direct
effect, y(1, m) — y(0, m), which may be viewed as the treatment effect that
would have been realized, had the mediator mj; been controlled at level m
uniformly in the postulation(Pearl 2001; Robins 2003; Robins and Greenland
1992). Note that & (1) is generally not same as ¢ (0) and the difference
represents interaction between treatment assignment and the mediator.

The causal mediation, or indirect effect, or natural indirect effect, is the
difference between the two potential outcomes, y{k, my) and ylk, mp), of
the variable of interest resulting from the two potential outcomes of the
mediator, my and my, corresponding to the two treatment conditions 4=1 and
k=0, i.e.,

0(k) = y;(k,mi1) — Yikmyo) for k =0,1. (Eq.18)

If the treatment has no effect on the mediator, that is m-myp = m, then
the causal mediation effect is zero. The quantity ¢(0)(J (1)) is also referred
to as the pure indirect effect(total indirect effect)Robins 1993). As in the case
of direct effect, 8 (1) and ¢0) are generally different.

The total effect of treatment is the sum of the direct and mediation effect:

T = Vi, mip) ~ Yi(o,mio) = 8; + ¢;:(0)
1
= 281D + i+ 6:(0) + Cago )

If we assume that no interaction between treatment assignment and the
mediator, then 6 (1)=0 (0)=0; and ¢(1)=¢,;=¢: The total effect of treatment
in this case is simply the sum of mediation and direct effect, i.e., t =6 4 ¢

In mediation analysis, we are interested in the Average Causal Mediation



An Introduction to Statistical Causal Inference | 137 |

Effect(tACME), E(¢d (k)), the average direct effect, E(¢ (k)), and the average total
effect, E(z )= (2«8 w+E(¢ (H)]. Under no mediator by treatment assignment

interaction, the average total effect reduces to K )=K¢J )+HK ).

2) Sequential Ignorability and Model Identification

The independence between the error terms in the SEM plays a crucial role
in the causal interpretation of the mediation model. The pseudo-isolation
condition plays a critical role for the identifiability of the parameters of the
SEM. The issue of identifiability can be discussed under the potential outcome
based inference paradigm. For example, Imai et al. has shown that if x; is

a vector of pre-treatment covariates for the th subject, then

z; L{y;(k',m),my}|x; =%, kk'=01, (Eq.19)
yi(k',m) L mylz =kx; =X, k,k'=0,1.

The above is sequential ignorability(SI) because the first condition indicates
that z is ignorable, given the pre-treatment covariates Xx; , while the second
one states that the mediator my is ignorable, given x; and the observed
treatment assignment z. Although the first is satisfied by all randomized trials,
the second is not. In fact, the second condition of SI cannot be directly tested
from the observed data. Thus, sensitivity analysis is usually carried out to
examine the robustness of findings under violations of the second ignorability
assumption(Imai et al. 2010a).

Other assumptions have also been proposed. For example, Robins(Robins
2003) proposed the following condition for the identification of controlled

direct effect.
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z; L{y (K',m), myd|x; =%, (Eq.20)
yillk,m) Lmylz; =k x; =X, w; =W,

where w; is another set of observed post-treatment variables that confound
the relationship between the mediator and the outcome. Under the more
stringent assumptions, the following assumption is a necessary condition for
identifying the ACME(Robins 2003):

y:(1,m) —y;(0,m) = B;,

where B; is a random variable independent of m. This is the so-called
non-interaction assumption, which states that the controlled direct effect of

treatment does not depend on the value of the mediator.

3) Models for Causal Mediation Effect

Under the stochastic independence in (£g. 19), it can be shown that the
ACME can be nonparametrically identified for & = 0, 1. Since the conditions
in the SI imply y; (k" ,m) Lz | my=m’ , X; =X, it follows that for any & and
k'’

E(yi(k,myn)|x;]1 = [ E(yilz; = k»m-xi)dpmdzi:k,xl_(m):(EC[- 21)

where Fr (+) (Fr;w (+))denotes the (conditional) cumulative distribution
function (CDF) of a random variable 7 (7 given W). We may further integrate

out X; to obtain the unconditional mean:

Ei(k,my)] = [ Ei(k,mj)1x;) dF, (%)
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By using (Zg. 21), we can derive direct, indirect and total effect for the
linear SEM (LSEM) as the Generalized Linear Structural Equation Models
(GLSEM), where m; and y; or both may be non-continuous variables
(Vansttelandt and Goetghebeur 2003). For example, by expressing the LSEM

in (£g. 3) using the potential outcomes, we have

my(z) = ay + f17, +&4(2), (Eq.22)
Yi(Ziﬂmi(Zi)) = ay + Bomy(z;) + vz + €,(2;,mi(2)),

Note that to indicate the dependence of the potential outcome of the
mediator m; as a function of treatment assignment, we use m{z), rather than
my, in the LSEM in (Fg. 22). The first condition in (£g. 19) implies

E(en(z)lz; = k] = E[e;1(z)] = 0,
while the second indicates that
Elein(zi,mi(z))|m; = m,z; = k| = E[e;(k,m)] = 0.
It then follows that

E[yi(k,mik’)] = Emi|zi=kl [Ey1|mi =m, Zi — k)]
= Emi|Zi=k! [(‘(2 + ﬁzmi + ]/E(Zi = k)]
= ay + fLE[(ay + By 2|z, = k'] +YE(z; = k).

The ACME for the LSEM in E£g. 22 is
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E(6(K) = E [Yigkmi)| = E [Vitkmio)]
= [az + ﬁz(% + p1E(zi|z; = 1)) +VE(z = k)]
= [ag + fo(ay + B1E(z;|z; = 0) + YE(z; = k)]
= 2P

Thus, under no mediator by treatment assignment interaction, the mediated
effect is H§1(1)=HK 6 1(0)=8,81, which is identical to the indirect effect
derived from the classic LSEM in Fg. 4.

We can also obtain the different causal effect if there is no mediator by
treatment assignment interaction. For example, if we assume an interaction

of the form, zm; i.e.,

mz; = ay + P12 + €;(2;),(Eq.23)
Yi(Zi:mi(Zi)) =ay + oy + vz +nzim; + Eiz(zirmi(zi))r

Then by using arguments similar to the non-interaction case above, we

obtain

E(G(R) =y +nlay + B,k),  (Eq.24)
E(8;(K)) = Py (B, + kn),
E(ty) = B2 +v +nlay + 1),k kK =0,1.

For the indirect(mediation), direct and total causal effect. These effects are
again consistent with those derived from the classic LSEM approach.

The identification of ACME can be extended to the GLSEM. For example,
if the mediator 7z is binary, but the outcome y; is continuous, and 7z is modeled
as:  E(mi(z))=logit (@ 1+ 8 1z), where logit™" denotes the inverse of the logit
link function, then under no mediator by treatment assignment interaction

it follows from (£g. 21) that the ACME can be expressed as
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5(51(k)) = E[}’i(k,mu) = yi(k, mio)]
= B,[logit™* (a; + B,) —logit™(a;)].

Note that others have considered mediation analyses without using the SEM
paradigm. For example, Rubin(Rubin 2004; Rubin 2005) and Jo et al.jJo 2011)
considered methods to estimate the causal effect of treatment in the face of
an intermediate confounding variable(mediator) based on the framework of
Principal Stratification. These methods are limited in their ability to
accommodate continuous mediating and outcome variables and are less

popular than their SEM-based counterparts.

4. Limitations and Problems of Potential Outcomes Framework

Although potential outcomes-based approach to causality has become very
popular in statistics, social and health science, there are several practical
limitations to this approach. One potential problem is that we may have to
assume a continuous infinity of potential responses in complex problems
where both treatment and outcomes are continuous and may vary in
continuous time. Another issue is more fundamental and is related to the nature
of the randomness of the potential outcomes: they vary in the population,
but seem to be fixed for a subject. This has been well analyzed by Dawid(2000)
who critiques this assumption as “a fatalist philosophy” and notes that “even
after treatment has been taken, it seems unrealistic to regard the patient’s
recovery status as predetermined.” One question is how to define causal effect
without counterfactuals. The answer is to consider that different regimes can
be applied to future patients, corresponding to different probabilities of
treatment attribution. This is the approach taken by Arjas and Parner(2004),
Geneletti and Dawid(2011) and Commenges and Gégout-Petit(2015). Rather
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than split the response Y into several potential responses we can consider
various regimes, giving rise to different probability laws for Y. This is not
counterfactual because for instance an intervention will be made in the future
for different individuals. The question is to infer from observational studies

what will be the law of Y under this new set of treatments(regime).

IV. Discussion

Causal inference is widely used in social science to investigate the
causal mechanism of exposures and interventions. Not only does research
on this important issue have a long history, but the body of literature in
this field is quite extensive as well, containing both methodological
development and applications over a wide range of disciplines. The causal
inference based on potential outcomes framework is by far most popular
and plays a dominant role in the development of modern causal inference
models and methods in social and biomedical sciences. This short essay
aims to provide an overview of the relatively well-known methods for
causal inference developed under the rubric of potential outcomes
framework(or approach). The framework has many limitations, including
many untested assumptions such as Stable Unit Treatment Value
Assumption(SUTVA) and sequential ignorability. However, most of the
popular statistical methods, such as the propensity score, principal
stratification, marginal structural mean models and optimal dynamic
treatment regime(Murphy 2003; Robins 2004) are developed based on
this framework and has been proven quite useful. Using potential outcomes
framework, these statistical methods can be generalized for causal

inferences in various different settings.
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Indeterminate Feature of Parameter Estimation in

Multilevel Categorical Latent Variable

Jungkyu Park*

ABSTRACT

Structural indeterminacy among the multilevel discrete latent variables
in the multilevel latent class model (MLCM) is discussed in this paper.
Three scenarios - non-full-rank, independent, and permutation
indeterminacy - are presented with theoretical explanations and proofs
of each structural indeterminate case. Numerical examples are also
included to provide intuitive and conceptual understanding of structural
indeterminacy. The awareness of the structural indeterminacy in applying
the MLCM to data is highlighted in the discussions. Researchers are
giving examples and directions to check for problematic structures to
ensure their final model has a theoretically sound latent structure when
modeling data with multilevel discrete latent variables.

Keywords: Multilevel Latent Class Model, Model Indeterminacy, Model
Identification

[. Introduction

Studies in psychology, education, and the social sciences have utilized latent

variables to describe and conceptualize complex phenomena. Researchers

* Assistant Professor, Kyungpook University.
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have captured latent variables and elegantly represented their constructs and
components. A number of latent variable models have been proposed to
establish a link between the observed variables and latent constructs, the best
known of which is factor analysis(Joreskog, 1969; Joreskog and Sorbon, 1979;
Gorsuch, 1983; Bollen, 1989). An important difference among these proposed
models is the nature and assumed distribution of the latent components.

Factor analysis models postulate a continuous variable to describe the latent
structure of the targeted concepts. However, latent class models(LCM)
(Lazarsfeld and Henry, 1968; Goodman, 1974a, 1974b) hypothesized latent
variables to be either discrete or categorical. Whether it is the nature of latent
variables to be continuous or discrete has been debated, and several articles
have focused on methods to differentiate these two opposite distributional
assumptions(e.g., Haertel, 1990; Waller and Meehl, 1998; Muthén, 2006;
Duncan, Stenbeck, and Brody, 1988; Steinley and McDonald, 2007). Although
this differentiation has significance in terms of substantive interpretation, this
paper limits the focus to cases in which discrete latent constructs are assumed.

The LCM utilizes a set of latent classes to explain observed relationships
among the manifest variables. It is assumed that the relationships among
manifest variables are explained by the subject’s latent class membership and
that different latent classes have specific patterns of probabilities in responding
to items. Therefore, the LCM can be conceptualized as having several mutually
exclusive and exhaustive internally homogeneous latent classes. Each subject
belongs to one and only one latent class. In other words, all subjects in the
same latent class have the same probabilities of responding to or endorsing
a set of manifest variables. The elegance and simplicity of assumed categorical
latent components offer an effective framework for many theories in the social
sciences.

Vermunt(2003) proposed multilevel latent class modelstMMLCM) to take into
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account the additional dependency induced by nested data(or multilevel data).
He used random-effects approach(Bryk and Raudenbush, 1992; Goldstein,
1995; Snijders and Bosker, 1999; Rabe-Hesketh, Pickles, and Skrondal, 2001)
to extend the LCM to adopt a multilevel nested data structure. He distinguished
two types of random effects depending on the assumed distribution of the
random effects. The first type of random effects follows a parametric
continuous distribution. A normal distribution is usually hypothesized in order
to facilitate parameter estimation. The second type of random effect is assumed
discrete. In one example, multinomial distributed random effects replace
normal distributed random effects in explaining the dependency in nested data.
Discrete random effects have the advantage of weaker distributional
assumptions and have less computational burden(Vermunt and Van Dijk, 2001).
In practice, the discrete version of MLCM has been demonstrated to provide
a good framework for application in different research fields. For example,
Bijmolt, Paas, and Vermunt(2004) applied the framework to marketing studies
and Dias, Vermunt, and Ramos(2010) applied it to a study in finance.
Discrete latent components offer an elegant representation for translating
the research question into statistical terms. Moreover, hypothesized discrete
latent quantities have been used to describe not only the nature of latent
components at each level but also the dependency between levels. This paper
discusses an important but often overlooked aspect of modeling data with
multilevel discrete latent variables: indeterminacy. In LCM, indeterminacy
usually relates to a model’s identifiability, the issue of label switching, or
decisions about the number of classes. However, in the context of MLCM,
this paper concerns another aspect of indeterminacy, that is, structural
indeterminacy. Specifically, this type of indeterminacy relates to relationships
between latent components at different levels. Only a well-defined multilevel

latent structure can offer valid and meaningful interpretation of the
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relationships among the hypothesized discrete latent constructs. This paper
illustrates three scenarios of structural indeterminacy in MLCM. These
structural indeterminate scenarios will show that using multilevel discrete
latent constructs to interpret relationships observed in data could be
compromised.

The purpose of this paper is to draw attention to the potential harm caused
by structural indeterminacy. Theoretical explanations and numerical
illustrations are given to emphasize the problematic structure of MLCM. The
remainder of this paper is structured as follows: First, the model specification
and parameter estimation of MLCM are introduced, followed by discussions
on selecting the number of latent components. Three scenarios of structural
indeterminacy and their theoretical explanations of causing indeterminacy are
presented, and numerical examples illustrate each scenario. The paper
concludes with discussions and final remarks on the applications of MLCM

in practice.

[I. Formulation and Estimation of Multilevel Latent Class
Models

In the MLCM discussed here, the latent variables at different levels are
assumed discrete. Therefore, the models are similar to the nonparametric
approach of the multilevel latent class model presented in Vermunt's(2003)
paper. However, there are several conceptual differences between the two
models. Instead of utilizing discrete random effects to account for the
dependency, the approach here builds a LCM at each level. Specifically, one
set of latent classes is used to explain dependency at a lower level(i.e.,

individual level), and another LCM is built to explain dependency at a higher
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level(i.e., group level). In order to differentiate the components associated with
different levels, categories of the discrete latent variable at the lower level
are called latent classes, and categories of the discrete latent variable at the
higher level are referred to as latent clusters. For formal specification of the
MLCM, a classical LCM will be introduced and then extend it to incorporate
multilevel latent structures.

Let x be the latent variable consisting of M mutually exclusive and

exhaustive latent classes. The latent classes are indexed by m, where
m=12,...M. In addition, % denotes the random variable representing the
response of subject i to the Jth item(1</</), and »» represents a realization
of the random variable Y. The class-specific conditional probability of
observing ¥ for item J of subject i in class M is P&;=y;1X=m) which is
also called the conditional response probability or latent conditional
probability. In the LCM, the probability of obtaining the response pattern Y
for subjecti(P(Y;=y) ) is a weighted average of m class-specific conditional

response probabilities, P(Yi=y,[X=m):

POY,=y)=3 P(X =m)P(Y, =y, | X =m)

m=1

J
PX =m[]P¥, =y, | X =m),
1 j=1

M=

3
I

where P(X=m) denotes the probability of a randomly selected subject in
the sample belonging to latent class m, which is usually called latent class
probability.

Conceptually, latent class probabilities can be conceptualized as the class

size of the latent class in the population. A LCM assumes local independence

within each class so that the joint probability of response pattern ¥: in class
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m is the product of all conditional probabilities of items within this class(line
2 of Equation(1)). A LCM also needs to satisfy the identification constraints.
Goodman(1974a, 1974b) showed that latent class models are identifiable by

the constraint "=,
In order to identify and differentiate the clustering effects in different levels
in MLCM, the nested data structure should be clearly represented in the

notation system. Therefore, the observed response vector is now denoted as

Y, (instead of Y)) to indicate a subject’s higher-level membership g(i.e., subject

i is a member of group g).

A discrete random variable . with Lpossible outcomes is hypothesized
to represent the Zunique higher-level latent clusters. Each outcome of the
discrete random variable can be conceptualized as a latent cluster consisting

of homogeneous(higher level) groups sharing the same latent class distribution.

This discrete random variable requires a parameter *(7; =1 to describe the
distributions(.e., cluster sizes) of the latent clusters. The differences between

clusters are demonstrated in the latent class probabilities of each cluster. In
other words, the latent class probabilities ”(Xz=m) differ depending on the
latent cluster’'s membership(#:). They are represented specifically as

P(X,=m|H,=])  The matrix P(X|H)of sizeMxLis used to represent the
estimated M latent class probabilities for the L clusters. The columns of the
matrix P(X[H) describe the within-cluster distributions of the latent classes.
Accordingly, the entries of each column sum to one. Conceptually, each latent
cluster can have a unique pattern of conditional response probabilities.
Because different conditional response probabilities among clusters can be
ambiguous and subject to questionable interpretations, the latent clusters are
assumed to have no effect on the conditional response probabilities.

The parameters of MLCM can be estimated using the maximum
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likelihood(ML) approach. The likelihood function is based on the probability
density for the data of the higher-level unit. The log-likelihood to be

maximized equals
G
log L= logP(Y, |H,).
g=1

The ML estimates of the model parameters are obtained by a modified EM
algorithm. The E-step modified by Vermunt(2003) is called the
upward-downward procedure, which makes use of the conditional
independence assumptions underlying the MLCM. The latent variables are
summed out by going from lower- to higher-level units, and the marginal
posteriors are subsequently obtained by going from higher- to lower-level
units. The details of this algorithm are found in Vermunt(2003), and the outline

of this algorithm is described in the Appendix.

[lI. Decisions on the Number of Latent Classes and

Clusters

One important step of fitting empirical data to MLCM is to decide on the
numbers of latent clusters and classes. This decision is the main research
question in the task of model selection. There have been extensive studies
on the issue of selecting the number of classes for LCM. For example,
researchers have shown that popular chi-squared (¢*) likelihood ratio statistics
are not theoretically correct for model selections in LCM because the ratio
between the two latent class models may not follow the z* distribution if

the reduced model(M -1 classes) is obtained from the full model(# classes) by
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placing parameters at their boundary values(Everitt and Hand, 1981; Aitkin,
Anderson, and Hinde, 1981; Everitt, 1988). Various information-based criteria
were suggested as alternative indices for selecting the number of classes for
LCM.

The Akaike information criterion(AIC)(Akaike, 1973) and the Bayesian
information criterion(BIC)(Schwarz, 1978) are probably the most common
methods for model selection. The model with the lowest value of information
criteria among several candidate models is considered the best-fit model.
Several researches(e.g., Collins, Fidler, Wugalter, and Long, 1993; Lin and
Dayton, 1997, Yang, 2006; Nylund, Asparouhov, and Muthén, 2007) have used
simulation studies to systematically evaluate and examine the performance of
several popular information criteria(e.g., AIC and BIC) and a few modified
versions of information criteria(e.g., CAIC and adjusted BIC) on correctly
uncovering the true numbers of latent classes in LCM.

Because there are two levels of latent components(i.e., latent classes and
latent clusters) in MLCM, deciding the number of latent classes and clusters
simultaneously becomes much more challenging. Moreover, the definition of
“sample size” is unclear in the context of nested data structure. If the
information criteria are used to decide the number of latent classes and
clusters, the definition of “sample size” for some criteria that have the sample
size as part of the penalty term(e.g., BIC and CAIC) is unclear in the context
of nested data structure. For example, the sample size(N) in the formula can
be the number of groups, the number of individuals, or the number of total
sample size.

The task of simultaneous decisions on the number of both latent classes
and clusters has received scant attention in the literature. However, Lukociené
and Vermunt(2010) conducted simulation studies to examine the performance

of various model selection methods in deciding the number of higher-level
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components. Lukociené, Varriale, and Vermunt(2010) further extended the
investigation on stimulating the performance of various criteria to determine
the number of latent classes and clusters. They also proposed a stepwise
model-fitting procedure to choose the number classes and clusters more
effectively. These two papers shed light on deciding the quantities of latent
components at either the lower level or the higher level. The indeterminacy
relating to decisions on the number of latent classes and clusters is essential
in MLCM. In this paper, however, the focus is on another type of
indeterminacy: structural indeterminacy between the lower level and the

higher level.

IV. Structural Indeterminacy among between-level

Discrete Latent Components

Structural indeterminacy in MLCM concerns the relationships among discrete
latent components between latent clusters and latent classes. Two definitions
facilitate discussions of indeterminacy are given first, which are followed by
three structural indeterminacy scenarios in MLCM. The theoretical

explanations and proofs for each scenario are discussed separately.

Definition 1. An MLCM solution is said to achieve the optimum if the

convergence criterion of the MLCM algorithm has been met.

For any given random start, {P"(H, =0 P"(X,=m|H,=1) ["(,:0)}; the
solution set {P"(H, =D P (X, =m|H =) ["(3,:0} obtained from the MLCM
parameter estimation algorithm is said to arrive at the optimum if the algorithm

terminates at the iteration f, which is within the maximally
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allowable(pre-determined) number of iterations and is smaller than the

convergence criterion.

Definition 2. An MLCM problem is identifiable(unambiguous or determined)

if and only if its solution is optimal and unique from distinct random starts.

For distinct random starts, {P"(, =0 POX,=m|H,=1) ["(,:0)}); the
MLCM is said to be identifiable if the estimation algorithm arrives at the same
solution set {P"(H,=D P (X, =m|H =) ["(7:0)} within the maximally

allowable number of iterations.

1. Non-full-rank Scenario

Let P(X)eR™ and PUH)eR™ denote the latent class probabilities and the

latent cluster probabilities, respectively. The dependency of the latent classes

and clusters in MLCM, that is, P(XIH)eR"™" are thus expressed as follows:

P(X=m |H=1) o P(X=m |H=1)
ot 1 P(X:m:2|H=ll) P(X:mlezlL) '
P(X=m,|H=1) - P(X=m,|H=1)

The above matrix relates each latent cluster to its corresponding classes.
According to the specifications of MLCM, the sum of the Jth column of this
matrix is 1 for all j(/=L....L),

The number of solution sets of a linear system can be used to explain the
indeterminacy of this scenario. The relationship between £(X) and P(#) can
be related in terms of a linear system: P(X|H)P(H)=P(X), From the theory

of linear systems, the following relationships are known: 1) if the linear system
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is consistent(i.e., the solution set is non-empty) and if the coefficient matrix
P(X|H) is full rank, then P(X[H)P(H)=P(X) has a unique solution; 2) if
P(X|H)P(H)=P(X) is consistent but P(XI|H) is less than full rank, then
P(X|H)P(H)=P(X) has an infinite number of solutions. This implies that if
P(X|H) is not full rank, then the solution of the MLCM parameters is not

identifiable since the solution set is not unique according to Definition 2. More
specifically, when P(X|H) is a non-full-rank matrix, then infinitely many P(#)

that give P(X |[H)P(H)=P(X)can be obtained.

2. Independent Scenario

The second case of structural indeterminacy occurs when the relationship
between latent classes and clusters is independent. In other words, the
compositions and sizes of each class are identical across all latent clusters.
This independent scenario violates the fundamental assumption made in
multilevel modeling, that is, the lower-level parameters depend on the status
of higher-level parameters. Conditional independence cannot be tested using
empirical data, but it has conceptual importance in statistical modeling.
Without this dependency between levels, applying multilevel models to data
may lead to invalid conclusions derived from explanations of dependency
observed in the data.

Indeterminacy caused by the independent scenario can be formally
explained by simple operations based on probability theory. When the
relationships between a latent class m and a latent cluster / are independent
of each other, the conditional probability describing the cross-level

relationship is
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P(X NH)P(H) _ P(X)P(H)

P(X |H) = B
(H) P(H)

= P(X).

Hence, the matrix describing the cross-level relationship P(X[H#) can be

expressed as a matrix form by the concatenate L vector of P(X) horizontally:

P(X | H) =[P(X)---P(X)],,-
e

L

It is obvious that the cross-level relationship summarized as P(X[#) in
Equation(2) is now rank one. According to the non-full rank scenario discussed
earlier, the independent scenario also results in a non-identifiable situation
and thus leads to structural indeterminacy. Although this independent scenario
can be included as a special case of non-full-rank scenario, it is discussed
separately because the dependency between levels is the fundamental
assumption in multilevel modeling. The independent scenario violates this

assumption and thus jeopardizes the usages and applications of MLCM.

3. Permutation Indeterminacy Scenario

Redner and Walker(1984) first introduced the term label switching to
describe invariance of likelihood under relabeling the mixture components.
This problem is commonly noted in parameter estimation and clustering in
the Bayesian approach, and is discussed in LCM and mixture models(e.g.,
Chung, Loken, and Schafer, 2004; Yang, 2006). Common suggestions to remedy
this issue are to impose constraints on the parameter space(e.g., Stephens,
2000; Celeux, Hurn, and Robert, 2000). Within the context of MLCM, the

problem of label switching can lead to structural indeterminacy, which is more
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severe than classical LCM because it has two levels of latent components.

The simplest examples of this problem are when the posterior probability
of observing an individual coming from each of the M classes is equal or
when randomly selected groups from each L cluster are equiprobable. In such
cases, the labeling of these classes and clusters is arbitrary. Another easy way
to comprehend this indeterminacy is the concept of likelihood invariance:
permutations of the latent components, that is, rearrangement of the
component indices will not change the likelihood value.

The concept of permutation matrix can be utilized to describe this type
of structural indeterminacy in MLCM. The function of a permutation matrix
is to permute the rows and columns of a matrix, and a permutation matrix
is formed by permuting rows or columns of an identity matrix to a desired
order. One can find M xM permutation matrix R; pre-multiplying the matrix
P(X|H) with R reorders the rows of P(X[H), Similarly, anther permutation
matrix C of size LxL can be defined; post-multiplying P(X[#) by C reorders
the columns of (X |H),

The operation of pre- and post-multiplication P(X[#) by permutation

matrices R and C can be repeated many times. For example, if rows are

permuted S times with RiR.....Rs and C.C....Cr are used to permute

columns P(X|H) matrix 7' times, the configuration of theP(X|H) after

the permutation is Rs--R.RP(X[H)CC,...C; Some combinations of R, and €

exist that can permute the matrix back to the original configuration of

P(X|H). Specifically, this permutation process is

P(X |H)=R,...R,RP(X |H)CC,...C,.

Since the combinations of R, and €. are not unique, the elements of P(X[H)
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can be permuted in different ways, but they can still permute back to a
particular configuration. Note that a constraint is imposed on P(X[#) in MLCM,
that is, each column will sum to 1, so the choices of permutation matrix are
not as free as in permuting rows and columns of a matrix without constraint.
However, this constraint does not confine the combination of R, and €. as

unique for securing structural determinacy in P(X[H),

V. Numerical Examples and Illustrations

In this section, some numerical examples are used to illustrate the three
indeterminate scenarios. These examples are designed to serve as intuitive
examples to illustrate structural indeterminacy. Therefore, the easiest cases
are used as examples. Note that these examples are for demonstration
purposes only and many other general cases could be used for each scenario.
In addition, because the MLCM is a probabilistic model, the discussions of
indeterminacy here are situated at the conceptual level rather than in the
context of numerical analysis.

The top panel of Table 1 illustrates examples of the non-fiill-rank scenario.
Three numerical examples of different combinations in the number of latent
classes(M) and clusters(L) are presented. The first two examples have identical
distributions of the latent classes in both latent clusters, and the two-classes
and three-clusters case have identical distribution in the first two columns
but not in the third one. Simple values are chosen to illustrate this scenario;
however, identifying the non-full-rank scenario in empirical data may not be
easy or straightforward.

Numerical examples of the independent scenario are presented in the middle

panel of Table 1. The first two examples are the equal-probable conditions
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in which the probability of assigning a randomly sampled subject in each class
is the same for both clusters. The next two examples illustrate fixed and
identical ordering of class sizes for each latent cluster. Specifically, the
likelihood of the assignment of a random sampled subject to a particular class

is the same for both clusters.

Table 1. Numerical Examples of the Three Structural Indeterminate Scenarios

Examples of Non-full-Rank Scenario

M/L 2/2 3/2 2/3
1/3 1/3
1/2 1/2 1/2 1/2 1/3
P(X |H) { } {1/3 1/3] { }
1/2 1/2 1/2 1/2 2/3
1/3 1/3
Examples of Independent Scenario
M/L 2/2 3/2 2/3 3/2
1/3 1/3 1/6 1/6
1/2 1/2 1/2 1/2 1/3
P(X |H) { } {1/3 1/3] { } {2/6 2/6]
1/2 1/2 1/2 1/2 2/3
1/3 1/3 3/6 3/6
Examples of Permutation Indeterminacy
M/L 2/2 3/2 3/3
1/4 2/4 1/6 2/6 3/6
1/3 2/3
P(X |H) { } {1/4 1/4} {2/6 3/6 1/6]
2/3 1/3
2/4 1/4 3/6 1/6 2/6

Examples for permutation indeterminacy are listed in the bottom portion
of Table 1. These examples illustrate permutation indeterminacy when the
patterns of the latent classes can be rotated into an identical pattern for each
latent cluster. In the example of the two-classes and two-clusters model,
one-third of individuals are categorized in latent Class 1 and two-thirds are
in Class 2 for latent Cluster 1. However, the pattern of the two classes is
reversed in Cluster 2: one-third of individuals are in latent Class 2 and
two-thirds are in Class 1. Examples of permutation independency for the

three-classes with two- and three-clusters case are also shown in Table 1.
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VI. Discussions

The discussion of indeterminacy is not new regarding latent variable models.
The factor indeterminacy was an important topic in the earlier development
of factor analysis(Schonemann and Wang, 1972; McDonald, 1974, 1977;
Steiger, 1979). A review of this topic is found in Steiger(1996). The LCM can
be considered a discrete or categorical analogy to factor analysis. However,
the discussion of indeterminacy within the traditional factor analysis
framework is relatively more straightforward and obvious, but it is not as
intuitive and apparent in the probability-based LCM. The earliest discussion
on indeterminacy(unidentifiable) in latent class analysis appeared in
Goodman's(1974) paper in Biometrika. However, since then few studies have
focused on this issue when various models were extended from the LCM.

One possible reason for overlooking the issue of structural indeterminacy
might be the lack of information about the estimation process. Usually,
programs and software used for estimating MLCM do not automatically provide
detailed information regarding the estimation process. There are no “warming”
messages available in the output or log window when some problematic
structures occur. Without information about problematic latent structure, users
may easily miss checking for possible structural indeterminacy.

Moreover, different programs may have different routines to handle the
problematic operation(e.g., non-full-rank). The solutions are usually based on
the default settings of a specific software or program. For example, different
kinds of software use different methods to handle the noninvertible matrix
in the iteration process. The default settings of software are usually not familiar
to users and are explained only in the technical manuals. Therefore, possible
indeterminate structures may be masked by the default settings of the software.

When analyzing empirical data, researchers often rely on goodness-of-fit
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tests or information criteria to identify the best-fit model among the candidate
models. However, these tests and criteria are mainly good for selecting the
“numbers” of latent components but not for detecting structural indeterminacy
among components. Because there are no indices or tests to detect improper
multilevel discrete latent structures, additional evaluations should be
performed independently to check for possible structural indeterminacy in

addition to making decisions on the number of latent components.

VII. Conclusion

To the best of my knowledge, since LCMs were extended to accommodate
the nested data structure, no paper has discussed this important modeling
concept in detail under a multilevel framework. This paper aimed to fill this
gap by providing theoretical discussions and interpretations of structural
indeterminacy in the context of multilevel discrete latent constructs. Three
different scenarios: non-full rank, independent, and permutation
indeterminacy were presented to illustrate structural indeterminacy in MLCM.
Numerical examples corresponding to the three scenarios were also included
to provide intuitive and conceptual understanding of the concept of structural
indeterminacy.

In sum, a discrete version of MLCM has many advantages, among which
is the potential use in empirical research. One example is its flexibility in
translating hypothetical theories into the elements of a statistical model.
However, the hypothesized multilevel latent structural model may be an
indeterminate structure and thus lead to invalid interpretations of the final
model. The awareness of this issue in applying MLCM to data is important

in practice. The theoretical explanations of structural indeterminacy are
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highlighted in this paper. The numerical examples provided give researchers
starting templates and directions to check for problematic structures. I hope
that the discussions of structural indeterminacy presented in this paper inspire
and encourage researchers to check whether their final model has a
theoretically sound structure when modeling data with multilevel discrete

latent variables.
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Appendix
MLCM Parameter Estimation Algorithm

Initialization: 7«0, l0gL(9),,, <10’
Input: PUH, =0 PU(X,=m|H =) and F"(7,:0)
Compute logL”(8)
WhilellogL” (0)—logL(0)™ >10° or t<10° do
logZ(0)™ ¢ logL"(0) and ¢« 1+1
E-step:
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end while
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