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g9 A 5 9 SEUSH FHe B3 53 A4 Pao] A glo
o, QlE-ejEF AL F20] o] e 1% WA 7R AEY Aoz
Holth 53 AAS 9ol A 341 FWel Aol Bt 434 Foje o
2 7lfehe uje] a7l Bgat el Ak 1AE S5 9 B
HRe 7o) F4lo) 94 9IS Fso & Aol
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H A=A A= o ® RSt A2A AAHA olF AE4 =2
A2o] @ vl=2 =Rt FAET AAE 19 NS S8 BReE =4
AME 5. vl= -zr 9] A}8-F9]x ZA A A (liberal internationalism)
= W00t 9l 5 QIR EHA 79 &5, NEA ARBA, Hel AH,
A7 FAA LS 59 ThAF AH9] A= FE 9 7HA|of ZARE A=A
= 54Z AWoH (184 2019), vl AHilo] gt ZAAAE v o R
BAA W L =AAR]of et S FASH AT
u]=2] 7Rt A A=9] fd= XS5 FAsk=T 40| wFolA
Utk vl A=o] @A A o]ejo] EAJstE F¥, obrol, FF FolA A
Ui AE FAR T S (alliance)S 71N 2 THE Wjd=719] S48 AL AlEdt
F= FAISH] 8= AE FAISHLA SeHE A 2020). 53] 21417] F=
o] FJol t8-5to] ul=2 otAot-EH Y A HofA Af=9] o]elo] Retst= Al
HFS A f8l g A Hel FARE S HiAlskal U 5 3 utEeL
< &% Q@S AAE Ad3sta Atk

oﬂ.
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A(strategic competition)< 201093 5& Fz}
Fom, oF= 7F M= FAo] St MEwg el Hslel AAE E7F
201
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ok & 5 qlek vl F39) A A% 20009 8519141 20194 15:12
WA Basgon, 3RS 2AE ARetE B9 4Ued S 35 A9
Sol QloiA vIFTS] BAE FolT Uk Feol FA| ANEA FHL A4
olelg Hrt b Tk YYAS SIA Bk B Kol Ut A
opAlolel Al BT 59 HAE HUA G M BHR 2T L
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F0) Baw} il 27 AR $AEAS Rolst Qe ol 1% 1k A2
29 wioh 240l W] gl B HlolE PHRME u]-F M 44 7)xE
A&"E AHow HQITH
Hl HlolE PR FUOR FF 44 71 nio] B2 oA Hr} A3
4ol B4 HolE 0w o 2 Al m Hlo]E TR Alo] Al
A% vl SWREI] PAS AU BEL vlFte] A NS txow
7] B g vl el wy)ska, o] 224 uA B
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A8l A A2Adststal s8] AF oF W oAFE BYE Ade A1
71 wEeldt.

Hiol & - 2719] - tE YR 2147] vi=2] Sy
VE-HBF A9S THLE 2491 ot viols FFF+= T2 TAEA
of =d 7t ARAR AL S AT BRI HE X711 A9
oA Zet Qude BAL Qv ¥ 27| HE A FA49]e, v]-d -
= A9, vl Qa5 AEe]e, -9l 2% FEele, v-F 1S
o4, 1< Xé%ﬂ%‘f, gt-ml FARES JiFEH Hols 3R HE)T=
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II. "lol& FFF| HdFd 7=

Hlo] & g0 tjA A 7| 2= 2020 9FT A7 (2020 Democratic
Party Platform)¥ ‘Z7IQEEAZF A A(nterim National Security
Strategic Guidance)& &9 Q& 4+ Aot WFF AFH3(national

convention) B4 &<l 2020¢ 8¢¥ 18¥of A HIFd A7 Mo up=H, 1D
HlolE PR EYD gEge) R oMz flek BT uAle] 2
(renewing American leadership) & F7& ZolH, o]& Q8] WIFZ 7IA &

g9 Sy £ ARES ALY AL Ut

1)2020 Democratic Party Platform’ https://www.demconvention.com/wp-cont
ent/uploads/ 2020/08/2020-07-31-Democratic-Party-Platform-For-Distribu
tion.pdf(AMY: 20214 4¥ 219).
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FAHOR B, HEUA, FAVIT 5 APZE o) XS R 5
9 SEYS @ 029 il B A% 1YL LAY How

AT Aolekn AsHnt
o1F Sfof eV 7t 4T AN B FHskT, HEUE Yol
57, A9 hEE AT AY B, TT 1S BUL AT ANL e AT
ZolekT WAL EF SWe WFA /S FH5H AL 0 Y Bt
Rl AAE A4 B 8 FBS B gt uFFe 5 ¥

d AYS £93] shinh. 59 AFEe} HEo] Hiols £E 52 WHO, UN
Human Rights Council 5 =A|7]7Fo A7Idstr g ALS
20219 3€of I7HE HTRIEAR FAHAYT BAAE 2020 WIS B4
Ao HAE vlols BT HAHH V2E &< TA 2k
o & HAAOJA Hlol& A F= WFF7E f7]0 S&6taL, vs FEo
ISAEAZE Aol AWttt XSt F=, 2AloL old, FY 5
ANFY F7Hs0l AEE A7t doH, 53] S52 AR SA4E
Aol = 7Hsgt gt
skltt. ol=et =A Higsty] s m=2 ¥ 59 9 BHEUSIH A
A AANA HEFE
3, e, AR S UEFY 9SS 2 Ak, oMAQl 5 FH=ERY HE
UAS A3t dioF stota BrEch W2 v 7P 2 dEgRpilo|H,
1 59 2 HEYEHY d9e &6 dde AR R /e
A71&, 95, AlolH 2t HA, 8 5
9 9 g TaReRM 23 5 AYFY Aee) £l
HAEAHWhite House 2021).
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Ho} Athe AME HolFe grolgtal HRth) E3F Hiol = R A7) 2t
A= A H4el9], v]-d ﬂﬂ- =9 A9, gt-n] u-=1 Ao, vl-Ql
=1 A9, v]-F 195 3, v|-d B, 715 A9, o-n] HA3
g 5= 713 e Froh v=2 fu4 HYS %t Rt uds A1
ULt
o|2fglt Hiol= FAFO == FH4 HIS Ft AU "vl=5o] AT

2 FAAA ] B2z 3]sk A Y= AES "X st} o]@gh Ao
gt 3 97] 93t g o olgfoA= AR o] WG FUHA| A Akt
SAZA A ShE A EIA ), Hiol= PHFRE EHaL
AR Hiol= PR H o] EFE tl ey o] mmA Hi A 1 vl
FEO AFFH FAEA = F 7HA 40 EAE AAFE =4
ZF9](realistic internationalism)' 9 FHZ ZF=E 7IsAo] =& Ho=

Zoltt.

1. SW3A4 4%

20209 "= e AANAN EE2EH A FA2 Hiol= FFF] e
A 71%0] JFE v = FQ5F YA H g2lo|th 4 A}t npIAE 2020

9 o5 ffAdE F8 FedF(battleground states)ol XS] -84+ FA0] thA 2
ol ARAR1 FFE vF Ao AFEQI FAHOR ojb FHIL 67 F8
BARF(RAAZAL, vAZE, A olYol, E& e}, ofe|xY, = A7REE o)
A RS A D Fol B3R Sl AHARI A T A0R A
At 2020 "= B4 717 AAE 2R AF AIHe & FHEIF FQ B4
gt FAE 2F ALES AYoHA o F2H, ol2jgt A= o] TEI}
F2 AFFA SEsHE F FH F EXE Aol AT AU B

2) “‘ul=o] Eolgit} HiolE QJuitHEEo] Wol= FEF SotoF & A7, 2AUE(2020
d 11¢¥ 269), https://www.chosun.com/international/us/2020/11/26/7ACD7
273J5AHHM5MRHLXOL22HE/)
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ABC, CBS, CNN, NBC 27} #AA&AY(consortium)& F-Adoto] AAJgH
20209 "= A &2 AKexit polls) 2= EFX 53} HlojlE S H IF
T8 AEFolA 90%7F de= A ARG A8 WokaS Hoj5qlrh3) ol
ot A= Ad tidolA & SE B AG AXSS A7 ¥ FUok=t 45
< UEpdt B3 I 21419 o =1, QIE APE ==
F8 A2 FAIIAF =t FFIEH= &F

2020 vl= A EF2A A= AT TV FE FH O e IS
8 AESolA Wl(white) ¥ F31Hindependent) fHA}

S P22 HAFUL E5
HE (Rust Belt) A9 37} F(HAAH|oyo}, m]A]
AAZANA oG FHAAEY] HolE FH ]74]
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3) CNN, “2020 U.S. Presidential Election Exit Polls,” https://edition.cnn.com/el
ection/2020/exit-polls/president/national-results(AAL: 202149 4¢¥ 21Y).
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HOlE FHY FR QAAE AT vlolE PPt AT U FUES

gt e F(Foreign Policy for the Middle Class) 42 ol2gt A<
SiEkzle ot 2R o wiekdt IYRtH HAo 2 HyH F A URlofA Aol
Ae]H(Jake Sullivan) “ZPlEo] HE7 AAELS Q8] Yot Y| g

o7tk d 7 & 2A7F vk A4 R wAleE oHA =W ] EEEa £,
lr—57\}9} A Aol9] T EAIE Wotte] HolEo BAlof & Hof Stk
Al F A2 YR ol -t HHo] ZulE9] 43t FHOA
Daold, Wl ZulSo] oMol M NF L7 & QrE
3l Zoltt. EY £ Z(Tony Blinken) =74 Hlo]& 9474
£ AABHEA ol AIZF = At B7HES] EAlR=
Z3chD & u] 455 7HEste Ak SUl A9 TRV = 9

Zjo] =719} gho] Helo] H=7] o Feal 78t Aolrt. dIF S0 A
o] HF=A] mj=o] o]ejo] Hi= Z1Z ofFal ¥oH, "=l KE YA E A7)
7] 98, e =Rle) Aot B, o] A7|7] A3 A2 ATol2tal YT
(MA178 2021).

2021 39of ItE wUIRHE AT AAHRAFT HALA oA HiolE PPHE

= A StH(economic security)”} =71QtE (national security)2tal 335}
I, FASS S YA H S FASSATHWhite House 2021). Hl=
9] EET F4ASE A7t vl=E AYstaL e IxtolH, wEbA FE =
o] BAEA A =4 BA BHL nvx FASS AL, S Eo
e dAEE wEL dee A, 3EA

£ Zolgta g E3 vl }Eix}g} ]

FAE T o9 AlEe 79 S 7T Ao, oE UIER "E*c}

olS TS Aold, =5 -8 GAE FAt

Al gHo] 5 9 4 230 7|osfoF e FHT
. 7o

z 3 oA, AAS) =, uF
o) 5]2, olvl4a, 5 Bel, 7 7Hs}, 71% Roke] eyl ohi, 3 tgo] Egt
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Zolgtal PAISHTE HHE SjjoAY AL W= W AA(build back
better at home)S {73ttty ¥t ‘u|= U] A& (American Jobs Plan)’
S Ui 37 RFAo] da4dS AR

tH F=19 of& A H QlF AP =3 5o8 &5
2hd i AoA oF 74009t EE SHSt= AHE EHUT o]l =
ApAlo] HR2 H(6300%F I)ECH oF 11005 X Wor, I T3ty g4 T
% 3ot 5xZ sk 3 20169 20209 "= A S5 RAF A,
|2 off, o] tiAoA EHI diEol et #l F-HAES] A

&
m
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EE
u)
ol
o,

L

o]

S
[am
)
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o J

ORASH+7%) § BIMRl SANEY AA7E FASE S HoIFYUES) EYD
Bl tie Wagls AL WS EYX gEEe AAu EYne) nEed
Z9)(America First) F4-2 o435 Faee BT YeL Uehf £cho
£3] EYL 50| (32 Tolglo} A419] ANF FMoR WEIR} SH
B AAFEY AN AS DT o) wlR9A BT} e oA
BP0 qEEE B uFoMTe] FHS BB JPAL AT A0

5) CNN, “2020 U.S. Presidential Election Exit Polls,” https://edition.cnn.com/ele
ction/2020/exit-polls/president/national-results(7A4Q: 202149 4% 219).
6) EY X tfB5HY u=gAFE 21417] B0l F /1Y AR 20089 F8971E Fo
WA w]=t9] wfj@o] ekstE oA AA AEEAQ u=9] A& FXI5k7] sk
TE(HE)E s Erte v= S5 FAA EQt 18-S sidsty] Hdl =
AdxtE] FET AAGF "AEcte T A4S FFoHt= Aottt Hire
American and Buy American’ 28 tEEE EFT giE8 9] n|=A3F0]9] 4]
= B4(trade)d o] (immigration) EA7F A2 Fa ot EFE FH ] vl=
A AL A=3490 27PIAE Bl FAA AAoNA A= 4GS BEske] A=t
9] FAA o] FTAA 7= AT AYS YL ShH EYE (FH 2 v
LE5RpA LA E SAH R AlFota o|yixte}t HEF IApE] A RE ul=
LS BSgittE HE ol st oldl A AE ottt EFILO] ul=9-A
FOlE= 20169 = XSS A whgo 24 EYILO] wiokyt QS THsoH
St o= oHs] KRegh A7 S71cke F9 2 AP AR | A = {4
AEo] FWEAA FF A=t 0|9 T iy AE AR5t a2 Eo|HtH (1A

% 2019).
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2. SARAH &7

B RS S s AP ﬁyﬂg H} SR EEELER LR
59l Z70] JoRE TW ZoE Rtk Folnth EUR GEHY wFLMR)
o 9] BN Grex0R D52 BAHE AFEAFOE 22419 Af

o= Qlsf A AlAC Het FAsHA Ry es 7HEobE 492 AR524
A A BFE IASH] 9%t Hiol& FFRY] kYo Aok 7t Aew
o=t

21A417] &0 o7ty AE WA, olgt= A, F8H71E AXHA
g WSt Z /ol gigt 7L vl Wil FA=AL, ol S
of HlxoAE= Ul Aol Bt H5sh] fls =2 3H| 24kt =8 UjAslo
7IRFeE Qu-QtE FAW FT s FERoke B4 B 7|27 A& A
H Aot olyet 7|2 el AR A HldP A= Offshore Balancing
Strategy) °|gh= WBAHLE, EFZ FHFJA= ml=eAd iy H

o]

g0z olojzrk

i 4E
rﬂ
Hd

ol

(American First Foreign Policy) o]gk=

E35] ‘o 7|9tet @459 (principled realism) & EYE F4H EFZ
FEFY v=A dYgHALS vl o]y A, H=2 /\1]74]78‘.-_} ol it
o197 A, Il Ao, =A44 |99 £F, A= ¢ g 59 542
Holn| A AA=Z AWzt T3 I 21419 Ho] 29| *1]74114 B2 A=A
Folof 7123 FAIA] 2o A AA0l Hot E4sHA By =% 7H&sle)

< 92 AU (Haass 2020). L2419 Aol H83H7] A8f B2 =710
HAE A= At 24, =l S 2AS} HEf ATV, vtAA 5 HA
EEE9 Y YA "o RAo=z gt 29 71A] ARE(Global Value
Chain)9] S 74, SAEA FARAY UF=710 S84 45, 335 A=
S 55 ¥99 84 F40 e 2 AR AT 59 29500 s A=sHF
7t AIAl Zh=oll Bt ZgehAl fEjuE Al =947 Woldt. 0|9} o] 249
AFEIZE oF7 |9 A A - BA A S HEst] A AlAl Zd=el A 717t =
A0l AFHoF she 42 A=SAT] X&) 7]od Aer HArK(WA
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HeBY nl=-AFe FFE A&, Z=UH9 AR Is) A AlAl) 24 7153t
H A=A 59 tf-Held 8R1e2 AT d SAEA ] W= 3]st
FHE o Aeke 71 Aoz Holth uwhahA
Hpol = °”14H4 PMLE EYE tEg m=eA dEA Y u=
FEO AFFoA FAEA T F 7HA 540 EAE AT A5
J(realistic internationalism)’'9] 2402 ZASHE 71540l EoH, o]q
ozt vhol= PR HeFAL n|=2] o]olE FEst =AFoA Hot
AFAoE &Este HMFE FH Zrier 243k AR A4,

[IL. HlolE WgRe] ofxjol-ejH% B

1. "iolE FFF ] dE)S= 43

1972 o|F A&Ho] 2 v]-F 7 A=A tEHad sHBAE 19914
£¥e] 53 o]F kAl =7t AR FLHUAR. o1F 19949 S JAF

7F et oS3 ) A2 Foi(engagement)2} ‘d]%‘(hedging)—é A3eE B}
A ZAo|Qlth. vl=2 B & B9l Sa= BAH - A=H R AN E T
sto] @ARA '31‘7}7P HEE fEdtes HH S A71AR1 SR A A 1]
T TAE THA7IA 51t g vl=E BAdSte S =9 B4
tiu|ste] FotE AT 59 AARES HR o R o 95 FAISH] %
Y A FFHGD

7) obxlo}-ehmeE Aofo] that wlte] A 2147] Sof upt R opalol AHFY
48 502 WAL Wol & o] Aol ol HlwA Mo AFolety T 5 ek
27 A A A5 vl lE-eiey Aol et AA Wl A4 PAL 43

Ao Evte] A4 Ao, A4 ol Foe 279 AP Hgoler FH Tyl
Wel, oz welEiglek oleish A4 WAL 19919 4ol $2 op/|sl WAe)
B4 AYOIHE Aok AReo A2 A st kejot 59 Bore
Sl A4e A WAtk 4o Wdo] FYH S50l o5 mlFe] FAH
245915 AAST. AL o]T AL 011 ¥ ol mle] Tale] Efeo]
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= o Al =ol 0}/\10}_%94 XHJ% RS FAH. vl=9] obAlot FA] AR
il il o ti(EhEl2 AN S=e] A= FHL
T WA, v52 5.”:‘0*7@ 91 7|25 BIERACNA S, B0t 5 A
=7tol diSok] fst vl HedE i HeRAI AT Eok s Ao of
60%E OV\IO} HEY A9z 34 mAshs 5 AT A SHLE ofAorz]
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TAH] 91E FAISH] fste] =1 alikE SHstaL w|F Aehrr] Aol £t
At E3t SAAAH 7] 2% (Intermediate-range nuclear forces, INF)<
SE[SIIL et ATAL T B A vAL S S ] AR 2oF HE 9
7P 583 52 579 A2/AD ] AA 949l Ak A AFste] -3
0]=59] 915 &a1s] st Zo|ith ERE FFRE= S A A g}
of th-gste] AFTAF WAL & 2314 mANRIS ARt 24 nF9] IS
Zd3kstazt shqitt.

EFD PFE= S AAS A, 71<, old 59 FEo= sttt
)= %ﬂf i s 7712 S99 5578% 79 #3 7iAsta, 214 A4
ol & 71&9 Aol Hark shlth. B3 e REolA 9 2E5xs}
(decoupling)& Al&=a}t7] A&, o]} §7 ERYI PHHE= F=9] AT
AA o et BlEhE AoetHA Sae uAo® TYHAT|HE olg SAE A
5t ERI PR A7) ujE Zdso] AR, BA|, 71&, old 5 AY
A JHo=w A tF WA= HGoE AIA EHJHIA 2020).
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Biden Administration’s Foreign Policy and ROK-US
Alliance
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ABSTRACT

The purpose of this study is to examine the direction of the Biden
administration’s foreign policy and policy toward East Asia and to figure
out how South Korea will take its strategic moves under the situation
where US-China strategic competition has been intensified. Although US
foreign policy is expected to be more stable and predictable in the Biden
administration, it is likely that its foreign policy will produce a modified
US global leadership, which has the features of both Trump's American
First foreign policy and the global leader of the liberal internationalism.
The Biden administration’s Asia-Pacific policy is focused on checking
the rise of China by working together with its regional allies and partners
and it will utilize the Indo-Pacific strategy to keep China in check. To
maintain the strategic balance between US and China, South Korea needs
to pursue the ‘principled diplomacy,” aimed at advancing its national
interests based on the principles of ‘openness, transparency, and
inclusiveness.’
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Kernel Density Estimation for Polarization Measure

Na Kyeong Lee*

ABSTRACT

In this study, I propose a new estimator for the DER index that is a
general measure of polarization introduced by Duclos et al.(2004). The
existing estimators for the DER index are based on the empirical
distribution function and a Rosenblatt-Parzen density estimator. The
empirical distribution function, however, suffers from lack of smoothness.
Hence, I suggest new estimators for the DER index using a new class
of nonparametric kernel density estimators provided by Mynbaev and
Martins-Filho(2010). I show that my estimators for polarization measure
are consistent and establish asymptotic normality with a rate of
convergence for the distribution of vn. A small Monte Carlo study
reveals that my estimator performs well relative to the existing
estimator for the DER index in terms of bias and mean squared error.

Keywords: Polarization Measure, DER Index, Nonparametric Density

* Assistant Professor, Department of Economics, Seoul Women's University. This
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I. Introduction

According to the OECD(OECD 2011), over the past two decades, income
inequality as measured by Gini coefficient, has widened in the most OECD
countries. In the U.S., for example, more than 40 percent of total income
is owned by the wealthiest 10 percent of the population. Thus, there has
been growing interest in measuring inequality and the consequence of
unequal economic performance during last few decades(Esteban and Ray
1994; Wolfson 1994; Zhang and Kanbur 2001; Duclos et al. 2004;
Anderson et al. 2009; Anderson 2011).

The most well-known and widely used measures of inequality are
Gini, Atkinson, and General entropy measures. The existing standard
measures, however, are not able to explain all characteristics of
inequalities. Since these measures focus on the deviation from the
global mean and assessing the expected divergence, clustering around
local mean or disappearing middle class can be explained by the existing
inequality measures(Wolfson 1994)). Unlike inequality measure,
polarization is varied given the following results: (1) when a population
becomes more dense around the global mean. (2) divergence between two
population poles increases. Therefore, polarization measures have been
suggested to explain these characteristics that inequality measures fail
to capture.

Esteban and Ray(1994) measured polarization in one dimension
designed for discrete random variables. Later, Duclos et al.(2004)
proposed a polarization measure called the DER index, and an estimator
for the continuous random variables. Then they derived the estimator for
the DER index based on a Rosenblatt-Parzen density estimator and an

empirical distribution function that suffers from the lack of smoothness.
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In this paper, for the estimation of the DER index, I use a new
nonparametric kernel based density estimator, £ that was introduced
by Mynbaev and Martins-Filho(2010). This is a class of density
estimators fi achieves bias reduction relative to the Rosenblatt-Parzen
density estimator f. In addition, instead of using the empirical
distribution function, I obtain the estimator of the DER index based
on integrating f.. Integrating f seems desirable for the following
reasons: (i) £ forms a general class of nonparametric density estimators.
When k=1, the newly developed density estimator £ coincides with the
Rosenblatt-Parzen density estimator f. (ii) mean squared error of the
integrating density estimator f might be smaller than the estimation of
the empirical distribution function. (iii) Azzalini(1981), Falk et al.(1985)
and Martins-Filho and Yao(2008) show that the estimation of the
empirical distribution has asymptotic the same mean and same variance
as the integrating a Rosenblatt-Parzan density estimator.

Throughout this paper, I assume that the true density f belongs to
a Besov Space Bhgwhere 1=q < and r>0. This assumption is desirable
since !-times continuous differentiability and uniform boundedness of
f is stronger than f € BL.where ! <r, that is C'{R) €3BL,, where C'(®) denotes
the space of i-times differentiable and continuous and bounded
function in E.

The first contribution of this paper is to show that my class of
estimator for the DER index E(f) attain consistency. The second
contribution of this paper is to establish the asymptotic normality of
E(F). Lastly, I conduct a Monte Carlo study to investigate the finite
sample performance of my estimators 2(F). Then I propose and
compare it to that of the existing estimator E.(F), where Fis the empirical

distribution function. The simulation results indicate the performance
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improvement measured by the bias, and the root mean squared error.

The remainder of the paper is organized as follows. Section II
provides the estimation of Polarization measure. Section III contains
a Monte Carlo study that implements the proposed estimator and
compares the performance with that of estimator suggested by Duclos et

al.(2004). Lastly, section IV provides a summary and conclusion.

II. Estimation for Polarization Measure

A. Finite difference and Besov Spaces

In this section, I provide a class of density estimators Uil-12 and an

associate class of distribution estimators {Feli=iz using the family of
kernels {Mi)i=is.introduced by Mynbaev and Martins-Filho(2010). A
series of definitions is needed to support the construction of the class.
Properties of nonparametric density estimators and the smoothed
estimators for the distribution function are traditionally obtained by
using assumptions on the smoothness of the underlying density and
cumulative distribution function. Smoothness can be regulated by finite

differences which can be defined as forward, backward or centered.

Let ¢ =7ym for 1=1,2--,s and s€Z: be binomial coefficients. A s-th order

forward difference is defined by

B = ) (~D"IClfGa+ 1)
=0

Fi

(1)

where s=12, for X and hekR.
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When I consider forward even-order difference, (1) can be written as

k

Brf(x) = Z Cps X +kh +5h) {2}
|sl=0

where ¢ = (D% " for s=—k-.k and k={12--}. It is easy to verify that
for s=2k, BEF() = T (~1PICh fGx+ jh) = Bfyog(~1) = CEE Flx + kb + sh).

Next, I introduce Besov spaces Br«(B)where 1=p=e, 1=g=e, r>0, and
the norm in B5«® is defined by ! flz5em=I71 lsp, H Fllz where the first part

Iflspcharacterizes smoothness of 5 and is given by
1.0 1/q

(i IR r P ax P | an
"ﬂ%ff I o T

for ke, satisfying 2k>r (Tribel 1985; Mynbaev and Martins-Filho
2015). When »=« and/or a=«, the integral(s) is(are) replaced by
supremum. ¢%®) is defined as the collection of all real-valued, bounded

and uniformly continuous functions in R, equipped with the norm

Iflee=swlfC (Tribel 2010). A full description of the relationships
between ¢'(®) and a Besov space Bi. can be founded in Besov et al.(1978).

Given

&

M) =—— ) 2g(T) (3)

€ 5 5
k0 |3 =J.| l

the bias of my proposed estimators #: is expressed in terms of higher

order finite differences. Let
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(—1F+R (& i, T,
IR s=—£=ﬂk3.5=1,2

"ks—.k+s;.k_g~ where s=12,k sGiven s cxe kT derive

e
M () = By~ (K{ )+K (= )) Consequently, Mq(x)=My(—x) for xR, that is M
is symmetric. Since the coefficients c:satisfy Zfi=crs={1—-1D*=0the

following equation is true.

x g=1om Zﬂk’j {4}

Cku

Equation # and J&@)d¢ =1 imply following equations:

J M)y = Z U ()dqb+j ( %)d:p]:l

for all &.

Let {*.J&, be a random sample from a population having a density
f(x) for xe B, Mynbaev and Martins-Filho(2010) defines a new family of
density estimators indexed by & evaluated at x€ R based on the kernel

M, as follows,

Fe == M, (th; %) (5)

where . is a bandwidth sequence tending to zero as n—=e, When k=1
and kK is symmetric, the density estimator in (5) coincides with the
Rosenblatt-Parzen density estimator. Since the kernel M.(x) is symmetric,

by using forward even-order differences (2), for a function f I have

BFFO) = ) ceafx+ sh)

=k
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for rner It is easy to verify that &'f(x) =a3rk+ki)(Mynbaev and
Martins-Filho 2015). Hence, I use centered even-order difference for
a smoothness characteristic, and I have

X
149 q

| a2k P\
I F g = L [—(J“ 427" ex) ‘ di

[Rl" ]

B. Cumulative Distribution Function Estimation

Let F be the distribution function with density f. Now I list assumption
that will be used throughout the study.

ASSUMPTION 1: {x}%, is an IID sequence.

ASSUMPTION 2: FE€BL, and DWFeBL, with r>0 and 1=g=e.

ASSUMPTION 3: h,>0 for all n h,=»0 and nh, = as n—eo,

ASSUMPTION 4: For all xe®

(1) K(x:mR-R is a measurable function.
(2) JEGdx=1

(3) [1&G)ldx < oo

(4) JxkG)ax=0

(5) Sl <C<e Ghere cem

(6) ¥ has a compact support.

Let define a family of estimators for the distribution F by integrating

fe, as below.
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Bol) = fw folwddr = f;ﬂ;j M, (’Y = ") av.

=1

Theorem 1

Let Assumption 1-4 hold. For any h,>0,x€R and k=12,
(a) |Bias (ﬁk(x)) = _if:’ K(:ii’)ﬂa’ghwi;‘(x}dx

(b) 1Bias(F®) <0 where r< 2.

(c) lmsup|Bias(C0)| = 0.

-]

(d) ﬁk{:x) — F(x) D as n— oo,
Theorem 1 (c) implies that & is asymptotically unbiased and (d) deals

with the consistency of F.

C. Estimation of Polarization Measure

Duclos et al.(2004) construct a class of polarization measures based
on the alienation-identification framework. An individual's sense of
identification depends on other individuals which are similar to the
individual. When an individual is located at income =, the individual’s
sense of identification depends on the density xf@).Alienation is

measured by means of a distance lx—y. The DER is given by
RO = [ 10)"a()ar )
R

where f and F are density and distribution function for income and
@ is a parameter related to the importance of the identification factor

and is defined by the user. The values of « are described by the degree
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of polarization sensitivity and the greater is its value, the greater is
different from inequality measurement. If « =0, the polarization measure
resembles the Gini coefficient. The identification effect is denoted by
both F(»* and a() represents the alienation effect, with a() =J |x - y|dF(x)
for all x and yeR

An estimator of R(F) is given by substituting F() by £ and &:() where
&:(f k-vldF.(»). Hence, a family of estimators for the DER index is

denoted by
R(R)= [ F0) 8 00aR0)

First, I consider the family of estimators for the alienation a(.

- - = ¥
dply) = j lx —vldF,(x) = j xfi(xddx— v+ 2F.(y) — Zyj xfi(x)dx

Before providing Theorem 2, it is necessary to propose the following

Assumption 5.

ASSUMPTION 5:
(2) [ I1plE@)dy <o
(b) E[|Xf|:] < oo

Theorem 2! Let ASSUMPTION 1-5 hold. For every y€R and k=12,
(@) lim|Bias(@a)[=0 4pd var(a.()) =0 a5 n—c.

(b) Gx(0) —alx) = 0, (1),

Consistently, d:() is a consistent estimator for a( for y€R.
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An estimator of the DER index, &(F) is given by substituting the
distribution function F(») by F®). By replacing e() and f(»*with &) and

£, the estimator of (F) is denoted by below.
B0 = [ 100" 80)aE)

The following theorem shows that a class of estimators for the DER

index is asymptotically unbiased and consistent.

Theorem 3: Let ASSUMPTION 1-5 hold. For k=121 have

(a) Bias(Bu(F)) =0 a5 n oo,

(b) PalB) = BalF) = 0(1),

The next theorem gives asymptotic normality of &(f). At this stage,

I use Liapounov's CLT.

Theorem 4: Let ASSUMPTION 1-5 hold. For k=12 note that

d

ValB(F) — E[B.(F)]]

N(O,V)Y N(0O, V)

where

v =var (e [ 10100y 20 y 0

a
+2a + @ -x0) || Mk(w)awm_k(e)ae)
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[l. Monte Carlo Study

In this section, I perform Monte Carlo study to investigate the finite
sample performance of the proposed estimators for polarization
measure. For comparison purpose, I implement the existing estimators
that is provided by Duclos et al.(2004), which is given by
B(F) = [ FO)*a(aF(y) = n~' T, F(r)°a0) for y <y.<-<y. Note that » is the
empirical quantile for percentiles between (i—1)/» and #/n. @) is defined
as @y is defined as 0:)=f+y0(2i-1)-1) —n(2ZZ1y;+ ), where Ais the
sample mean. 7(»)* is estimated using Rosenblatt-Parzen density

estimator. I consider simulated data from two different densities. They
. 3 . 4 1
are: 1) Bimodal (fi(x) =3N1L18) +§N{4'*U"1')) and 2) Trimodal

(720 =;N(0,05) +IN(51) +IN(7.25)) For each these densities 1000 samples

of size and n=200, 800 were generated.
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(Table 1) Bias(B) and Root Mean Squared Error(R) for fi(x)

a = 0.25 a = 0.50 o= 0.75 a=1.0
n =200
B R B R B R B R
BL(E) 0.0366 0.0679 0.0535 0.0623 0.0928 0.0945 0.0594 0.0605
P (F,) 0.0338 0.0735 0.0503 0.0632 0.0911 0.0937 0.0580 0.0596
P (Fy) 0.0202 0.0685 0.0298 0.0503 0.0707 0.0747 0.0411 0.0441
P () 0.0198 0.0689 0.0259 0.0490 0.0657 0.0704 0.0364 0.0402
PL(E) 0.0203 0.0693 0.0245 0.0487 0.0636 0.0686 0.0343 0.0385
a = 0.25 a = 0.50 o= 0.75 a=1.0
1 = 800
B R B R B R B R
B (F 0.0178 0.0363 0.0438 0.0487 0.0382 0.0411 0.0353 0.0370

0.0097 0.0341 0.0381 0.0441 0.0347 0.0381 0.0328 0.0348

0.0036 0.0340 0.0220 0.0326 0.0153 0.0237 0.0143 0.0201

)
)
- 0.0063 0.0341 0.0265 0.0355 0.0204 0.0269 0.0190 0.0233
)
)

0.0032 0.0341 0.0205 0.0318 0.0134 0.0228 0.0123 0.0190
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(Table 2) Bias(B) and Root Mean Squared Error(R) for fz(x)

a = 0.25 a = 0.50 o= 0.75 a=1.0

B R B R B R B R

0.0462 0.0917 0.0420 0.0576 0.0643 0.0671 0.0671 0.0679

0.1282 0.1556 0.0942 0.1065 0.0989 0.1028 0.0899 0.0971

0.0743 0.1249 0.0503 0.0774 0.0637 0.0725 0.0625 0.0663

0.0513 0.1168 0.0319 0.0701 0.0493 0.0619 0.0515 0.0569

0.0390 0.1140 0.0218 0.0680 0.0414 0.0568 0.0455 0.0520

I
=
=

a = 0.25 a = 0.50 o= 0.75 e

B R B R B R B R

0.0162 0.0480 0.0189 0.0313 0.0247 0.0288 0.0205 0.0227

0.0191 0.0525 0.0208 0.0354 0.0266 0.0318 0.0217 0.0247

-0.0034 0.0501 -0.0032 0.0300 0.0041 0.0192 0.0024 0.0131

-0.0077 0.0508 -0.0087 0.0314 -0.0014 0.0192 -0.0026 0.0135

-0.0076 0.0509 -0.0097 0.0319 -0.0029 0.0195 -0.0041 0.0140
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I observe the following general regularities. First, as predicted by the
suggested asymptotic results, for all densities considered the bias and
root mean squared error of the estimators E(#) for k=12 3, 4 fall as
the sample size increases from 200 to 800. Second, the increase in the
values of kreduces bias and root MSE, but this is not verified for all
experiments. In Table 1, the estimator bias for =234 is smaller than
the existing estimator E.(A) for n»=200,800. It is observed that Bias and
RMSE fall when ¥ increases except for « =025, The results are consistent
with the proposed theory and finding.

Similarly, in Table 2, the existing estimators outperform than B(#&).
However, &(&). &(F) and 2.(&) show better performance than the existing
estimators for polarization measure in terms of Bias and RMSE. For k =4,
the case where the smallest bias reductions are attained, bias is reduced
by as much as 80 percent relative to the estimators (). Additionally,
the magnitude of bias reduction produced by the estimators increases
with the sample size. Finally, density functions with large curvature(in
increasing order of curvature £ and £) are more difficult to estimate

both in terms of bias and root mean MSE for the estimators.

IV. Summary and Conclusion.

Duclos et al.(2004) introduced polarization index and its estimators.
The estimators are derived by using a Rosenblatt-Parzen density

estimator and the empirical distribution function. Since the empirical

Un ot each of the ™ data points, the

distribution function jumps up by
empirical distribution suffers from lack of smoothness. In this paper,

for the estimation of polarization measure, I used a class of new kernels
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M, () fr

and density estimators introduced by Mynbaev and

Martins-Filho(2010) then provided a class of density estimators ﬁ". Then
I provide a new class of estimators for the DER index that achieve
consistency and establish asymptotic normality. Finally, a Monte Carlo
simulation results show that the suggested estimators outperform the
existing estimators in terms of bias and root mean squared errors.
In political science, there are scholarly debates related to whether
the mass public is ideologically polarized as the elites are. That is, there
is no consensus on the ideological mass polarization at the mass level.
To measure the polarization, DiMaggio et al.(1996), Balanda and
MacGillvray(1988), Mouw and Sobel(2001), Myers(2007), Downey and
Huffman(2001) provide the results of a polarization given the
distribution’s moments. On the other hands, Lee(2015) finds that the time
varying pattern of the mass polarization between 1984 to 2008 based on
the kernel based relative distribution method. By using the suggested
polarization measure, the exact mass polarization can be measured as well

as the elite polarization.
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VI. Appendix

Proof. Theorem 1

(a) Given the independent and identically distributed(IID) assumption

(maintained everywhere)- and M.(-x)=M.(x), | have

X,
. T . v—X 12 P
£ =f —ZM;( (—r] dv:—Zf MG dy
=y ks n &
t=1 t=1
x .
AR
). Cro o2, Is 5
Li 1 i r( —);rJ
==y —— c;
S Gopmy I\ sh

ECEY

1 k
=3 GO AFCx — shy @)D
DZ[ c4sG Sy

ko (g

E

= e [ G - T + [ K@IF G~ o]

Chp o
igl=1

R

% )
= = :S:Z:L Crs jKU,:':}F(x — sh,yhdy
Hence, I have the following bias for F.

i ¢ 14
Bias (5, tx}) =E[f ) —F(n]= —azn c;‘_xf K(y)Flx — shyyp)dy
1

(6)

f K@)a% Flx)dy

Sk

(b) From the result of (a), I have
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|Bias(E, (x)) I_| —J-:({wm_F l,F{x]a'r,al

e 5 q
o [ (suplas, 00
f xR i di
|hﬂ¢!r+l.r'q‘

, 1fqr
ay|  IFIZ,

/g

R
Cio 2

A
where /at /¢=1 for 1=q=w.

(c) The proof is trivial. Given the assumption k,~0 as n =, [ have (c).

d

Var (£())

= £[(Aw) - &A@’

J-[ ZJ- M Gp)dy| FUDax, — }:J- Zj Mx(ep)dw(Xde]h

10[f® i 1 ¢ i :
= ;f U_RM;:{W@‘#] fle = hyglde — ;U LMMJ dyflx — hnﬁﬁ)hndﬁﬁ}

I8

‘g l L4
f -— ck_sf((v:}du] fla—hyplh,de

-=  CkogDy

e
s i
0
Tn Cﬁn] ”Z e ] dF(x — by ) (~1) ,1[ S [Z Cuf dF{x—h #)— 1}]‘
[ < Iz ;: Cie fg(mwn Flx — hyyddy — [ZL%JK{;&}F{:: —shw)%]:]

=0(n"")

craKleddvflx — hyedhy dqb]
lgl=1

; s
since SBIFCI=1 op4 Ig@)l =" k@av|=c ¥ has a compact support.

Therefore, as n-o,1 have Ver (f() =0 and |Bias(F )|~ o,
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Proof of Theorem 2

El&,(y)] — a(y)

—EU‘jf,{() d)—u]-{—EEiF ) - Fiy)l —OJEU xf,}(x}dx—f xf(x)dx]

- - ¥ -
=F U yfe G dy — ,u] +2E[EG) —FO)) — 2y U *E[fox) — f(x)]dx]

Given the assumption [¥&(y)=0,

E [[ )“ﬁ} (}J dy]
DS e
= ii_az Cu[(xr + shy ) K(y) dy :_fo‘

t=1

Note that Elfi@—f]=crilfllz, and E[fctd - Feo] = criliFllzy  Therefore
a:(x) is asymptotically unbiased.

Now [ consider Var(é().

~ . ¥ -
Var(d,fy}) = Var (,a —y+2R0) - 2yf xf;({x)dx)
-
= Var (;i +2FR,(y) - 2)-‘J- xf, (x) ﬂ'x)

¥ ¥
= Var(g) + 4Var (f;:(y}) + 4yVar U xf;(x)dx) + 4Cov( i, B (y)) — 4yCoOV (uf xf; (x}dx)

- ¥ -
— ByCov (F;‘- ()i 2y J. xf;,(x?dx)

where & = [ xf(x)dx,

Vi () = Ve ‘ix *zn:v ) =2
A= n i WM

=1 t=1

var(f () = E[EE )] - (B[R W])



| 50 | ¢79¥=Z | 20214 O H6H H2&

ki = " iy ) dy| fle)de— [f ZJ- M () d’\bf(ﬁfﬂdqﬁ}

I=L

g

o () rreg 1] 3 (5

)f(q‘:)dq':]
= ij MPG flx — hypdh,dy —— U M) flx — ﬁn@hnwr
[ 326G —noyp) — = [ 2 (yIarte - ,WJ]

1 2
= ;{2 f M () My, GE) F(x — hyap)dy — U My ) Flx — hm}dw] } =0(n"")

Var ( Iy xf;ec}dx)
[[ )dx}]—( U ;fk(ﬂdx]J
L S PR
e[l S (";—fdex}:] (el e

=1
x 1 XL m]: i n(::;;] [ f f, M, (x

i hJUi
Al ue

M Gp) (X, + By ¢r}d¢} FOx ddx,

=5 ¥
_i(j {f = M ) (%, +hn¢)d¢}f{&)dh) =0{n"*}

since [l < oo, [IK@Nplay <e and [llfldy < e

;n)fi} xdxf(XL)ﬂ‘XL]_

de.f(XL)Xm ]

Let Mu(w)=[> k@)ax.
Covld F()

= E[if, (0] —EGIE[&, G0 ]
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-E

E %i I%Mk(;&}dw
t=f %

e ()

) - et e ()]

1) (55 oo )| e[S
) (s 053] -2

1
+ﬂ(ﬂ )

y—&]
Iy

);n)l-gma[m el

Yax, — —E[.kL]fM

Elx]1E [M (

L)f{XL)a‘XL =0(nt)

The above equation holds by the inequality M)l < e,

k

N I

1= —=

= J-lK(qb)qub =

| : | i
=== €
Crolligzt -

w
Mz ()l = U_ My () dx

Cm,«(_a. Jixﬁ(x)dx}

= [n[ sfoa] - stite [ ehcon
ALl b
h[g [ ot (S ]+ M0 e [ [ e (5]

hy
- Elx1E U_i% M (x x]

::Tng[xljixmk(%)dx] EIXL U x'H’k x X)ﬂ‘x

2 () o

=y

1 e 1 ek
= ;J X j_ "R+ )M () F (X dudX, — —Elx] f_ (X 4 B My () FOX ) dypd X,

. 1 L5
R i i
= ;H_ (XE + X, b p) M, () FOX Jdypd X, — SEX] f_ (X, + oy My () FOX, )dwd X,
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¥=X;
1 E. )
= ;[ 72 j_= My () X ddypd X,

1 e

+ ;I X f Ry My ) F (X ) depd Xy

r=¥ y—Xy

1 s 1 fin

. Elx,] j X J-_, My ) (X ddypd X, — SE] ﬂ_x My () FOX, ddrpd X,

=0(nh)

Cov (;: &, fxf (e

X

X pe
1 1%, R
= ;H_ I M, {w}d¢£= (%, + hypd M, Gp) dypf (X, )d X,

et y=x
'Eﬂ_: My () dypf (%) dX, ﬂ = 0%, + hy ) My, () dopf 06, )d X,

=o(n™h

X
provided by IFMk(w)dw = [IM(@alay <o 41 4
T FCDdX, < oo

Therefore, 1 conclude following:

Var(d,(v)) = 0(n™1)
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Proof of Theorem 3

[Pa(B) — Pu(F)]
- [ fra.maho) - [ 0%aIare)
= [ 2 aF 0~ [ )

= f [ () — pa(3)]dF(y) + f P(Wd[F () —F(] + j ) —p(la[F. — Fl(»)

where . = 2004 and p. = FO)a(y).

Baly) —paly)
= £ &0 - () %aly)
= [A09° — FO]8:00 — a1 + [A077 - 730°]a() + FOI 2600 — el

= af G AG) - fo]aly) + e (02 A G0 - FO]IE:G) —a()] + FO)° 16 — a(y)]

According to the mean  value theorem, I have

fem=F0) = ar 0= (A0) - F0)) where 7*() lies in between f and £ for all

yeER

E[& () - R.(F)]

=F U.I;sr_v{yJ — P (J-‘)]dF(y)] +E H p:00d[E ) — Fiy ]]] +E| -

| PROR G| B e R HOR)|

= f 2 WELAG) — FO]dy < 0 E LR, (5]

Note that

E[(70) 1) | = Bias (1)) + Var(70)) = 042)+ 0 ((nh,) )
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and

E[(2x0) —a0))’] = Bias(a)° +Var(&:0)). Hence,
E[[[pa() —padF()I = 0as n = co.
Similarly, I have as n=o

L2 12

=I{E[(f5¢{ﬂ—p«i}’1}2]} [E[U'n{}'J—ﬂ?J)z]] dy —0

Now consider the part (b) then I need to show that Var(E(F)—0 as

n—oo,
var (R.(R))
= var ([ 409 0rea>)

= Var (f G+ (1 + a)f () (fly) — f()’))]d)’)

= Var (f dplviflvitFedy+ {1+ a')j dx(y)f '.‘1-1"-'_;*"-“.{)'_!'r."_1'— (1+a) j ap () (e ‘_‘Jd}’)

,
= [[a-y+ 2809 -2 [ ] rorreeay

1 1 n _'[;)(
= —Z % J-f(y]ucdy = f yEG) ey 4 2 J- ;Z I " p () df G e dy
=1 =

n
=1
= f yj_yz x [%;"Z M; (x ;anJ] dxfly}+edy

t=1

=I5 x [ roresay=[srorray+ 23] = v e
2 < n =1 —

X

AN
= ;Z fy L (e + Ry M () dypf (y) 4 dy
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Z ff(ﬂ““dy f}f(y3‘+“d)+ ZH M, () dpf(y) e dy

n '_—X n r—X,
—%Z % jy f}"_Lm )y f () 2y — %Z A, jy flk_“Lwﬂf;( G dyfy)+edy
t=1 = t=1 -=

(l+a) J- a0 PO R A G dy

¥
=1+ r::)[ [,a —y+2E0) - 2;:! xfi &)dxlf'(JrJ“ﬁ(y)dy

=(L+a)- ZXJJ"\)’J“[_ 3’— )

- ﬁ‘%‘(wr@r [,; 2 (55
L =1 %

2+ [y f A& W[ Zwk & X)]

i iy
=@+ a);z X ff‘t'Xr + ) My (p)dy — (L + «);Z I{Xr + g O+ B )M () d
=L =1

dy —{1+a)f)f (y)f-”[— Wk(?_x)a‘y]

i 8
+201 + a)iz ﬂ M Gpddy £ + h,8)°M, (8)d8
t=1"
1 i 8
2L+ or)gz qu +h,8) U (%, + hop)M, (w)dwlf‘m + 5, 6)°M, (8)d6
t=1 i
A+ [ Al F oI FG ) dy
; ol ¥ &
-+ [ 2R -2 [ o {dex] £ O FGIay
= —as @2 % [ POy + 0 +a) [ yr eIy
=L

1 y=X
204y ﬂ " G duf GO FG dy
e=1 =

+2(1+an f [“h ZMR

1
=1+ cr); X ff GIeFy )y + L+ a) f)f (% f () dy

=1

)] dxf () Fly) dy
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1vo [f8 .
—201 + aJ;Z ﬂ_sz{\p)dwf'u} + by FUX, + h,B)Yh, dB

1y g
21+ c()gz f{)\} + h,_e)J- (X, + hoyd M, Gpd dyf " (X, + by )5 F (X, + hyB) ki, d8
t=1 -=

nvm“(ﬁa(ﬁk))
—var (%, [ Fo)=eay - [ yr6)=eay + 2 [ o eeay - 2%, [ yr)+7ay
a8 -]
$201 + @) )® f f M, ) My (8) d6 — 21 + ) X2 F(X)® ﬂ Mydy, ()6
1+ alk, If(y)“f(y}dy +(1+ a}J- yf )+ ody ]

8
=Var (—uxl Jf(y)““a‘y—:sz yf ()t edy + 201 + ad £OX )5 (1 — XT) ﬂ M, {w)dwu-ﬂ(s}de)
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Proof Theorem 4

E(&)
= J' a8, (Vf, () +edy

2 J' 8GOy + (14 @) J' GGV F I Gy — (14 @) f &GV F I F G dy

Let PlB)=Zr,z,,

an

1 ; : 8 . .
= ;[xr jf{y)““d,v - j)-‘f{yJ gy 4+ 2 ﬂ My Gl dypf (X + Ry ) My () dypf O, + Ry 814 %R, de
Il
—zf{x} + F:,,G'JJ (% + ho )M, ) dwf O + b6 %h, d6
1y .
+(1+ alX; (;Z J-f—ur 4 hn-\‘-‘-_}crﬂ{k(rp}dw)
8
—(1+a) f{xf +hayd £ O + ) M (@) dy + 2(1 + @) ﬂ M Gpddyf (G + by 6) 2 M, () do
g
-2(1+a) I(Xr - F:HB]J (X, + hoyd M, ) duf (X, + h, 605 M, (8)d8 — (L + a)X; If'(y]“f(y}dy
8
11+ [y 0 eIy -20+ e [| MG apr 0 +mo) G + 5,0 hyae
g
+2(1+a) [(Xr + hﬂejf M) dyf ™ O + R0 FOX: + hﬂﬁ}hndﬁl
Hence, I have E[Z.]=o0(m"1).

Z E [(Zne— E@0e))] = 52 = Var (Ba(E)

=1

Note that

PB) - HRR)]_ < =2l S o

Var (ﬁk (ﬁk )] =1 Sn =1

Hence, Elx.l=0, E[Xm]=5—1?‘5[(zﬂ,—a(zn,)ﬂ and Zi ElxZ]1=1.
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To satisfy Liapounov’'s CLT, I need to know that 1mZf=iElXu P =0 [ o

1
P

n

i ElX, |7+ = i E“Z'N—Siﬁzml
t=1 7

t=1

.

n
= > Var(s,) 3£ (12, — EL2,]1+¥]
t=1

n

< ) Var(s,)"822 2 gl |7, 12+ + o(1)] by using ¢, inequality

=3

< War (5,)" 2522148 =28 4 E[IB.12*¢ 4+ o(1) ]
= Var(5,)" 522 n~~2 [ |B,1>*% 4 o (1)]
L

1
P — it JLE ?E{IB I+ 4+ D{I)]
(ni’or{SﬂJ}_+ B Ll :

From the previous theorem, I know that nVar(s,) — var as n—<, Then,

n
lim ) ElX,.|**¥=0.
ot

t=1

Hence, I have

Va[B () - EB(F)]]| ——N(0, var),
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o

FFE} A% F4: MBS Ad FHUS Ao

OJLt&*

wRgot

2 Ao E Duclos 5ol AAIGE F=3 A4*(DER Index)9] A=
FAHE AASEE k. 7]&€ DER Indexo] tist FAHX|= A4 B2t
Z*(empirical distribution function)?} Rosenblatt-Parzen #Ad "Wk F43t
Z*(kernel density estimator)ol 7]Zs}al ot I8y AEH Exd+-E
o83t 7]&9 DEX Index F742 He/d(smoothness)? FAz= A7}
ot kA EioA= 7129 DER Index FA3X9] SHAE si2st7] sl
NZ2E FHAE AQkgtt}. o] %A= Mynbaev and Martins-Filho7} H|A]
3t Q22 FH9 AYE Y& %A (kernel density estimator)E 7|RISE
EEEo 71& F3AY TAE FESIAT. ET o] A= JAEF LA
(consistent), vi £EZ2 F24FA(asymptotic normality)S SHs}L 20|
FTHES. 2HNER AlgEold Ad, Eao)A AAIRE 827 Biase
YA AlFL2A SHo|A 7129 DER Index FX]of H|g] <=3t A2 AZT]
Art.

FAlo: ¢35t £%gk DER A, HES U g

E19: 2021.05.14. AIAFD: 2021.06.21. AAEAL: 2021.07.04.
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